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Abstract  

Research about the optimal methodologies for guiding the training of primary school instructors in the instruction 
of early algebra remains in the process of determination. This manuscript delineates the methodology involved in 
developing and validating an assessment tool to evaluate the mathematical acumen of prospective primary 
educators in the domain of early algebra during their initial pedagogical training, drawing upon the constructs 
delineated in the Mathematical Knowledge for Teaching (MKT) model. To this end, an instrumental inquiry 
comprising four distinct phases has been executed: an exhaustive review of extant literature concerning the 
mathematical proficiency of primary school instructors and the pedagogy of early algebra; formulation of the 
preliminary version of the assessment instrument; validation of said instrument via expert appraisal and a 
preliminary application involving ten pre-service primary educators enrolled in a Spanish academic institution; 
and subsequent refinement and finalization of the assessment tool. This endeavor's outcome culminated in the 
MKT-Early Algebra Questionnaire (6-12-year-olds), comprising six open-ended inquiries meticulously designed 
to explore diverse facets of early algebra while aligning with the various sub-domains delineated in the MKT 
model. It is deduced that the resultant instrument holds promise as an effective diagnostic apparatus, serving 
dual purposes: elucidating the mathematical proficiency of primary school educators in the context of early algebra 
and fostering introspection regarding pedagogical strategies conducive to the cultivation of algebraic cognition at 
this developmental juncture. By furnishing a comprehensive questionnaire that systematically addresses all facets 
of pedagogical knowledge requisite for the effective instruction of early algebra, this study furnishes invaluable 
insights into the specific components that should be integrated into teacher education curricula in the domain of 
algebraic didactics. 
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The incorporation of algebra only in the secondary education curriculum and the problems that this has 

generated in the development of mathematical abstraction and generalization in students has led to the 

idea of introducing knowledge of an algebraic nature and promoting algebraic thinking from the first levels 

of schooling (Schliemann et al., 2012).  

This curricular transformation has given rise to Early Algebra as an approach that cultivates mental 

habits that focus on mathematics’ deeper and underlying structure (Blanton & Kaput, 2005). According 
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to Katz (2007), these mental habits consider two central characteristics: a) generalizing, identifying, 

expressing, and justifying mathematical structure, properties, and relationships, and b) promoting 

reasoning and actions based on forms of generalization. Likewise, several authors (e.g., Blanton et al., 

2015; Kaput, 2008) suggest different contents that allow us to consider the treatment that should be given 

to the study of algebra in primary education: generalized arithmetic, functional thinking, equivalence, 

expressions, equations, inequalities, variables, and more.  

Consequently, to address the characteristics proposed by Katz (2007) and considering the 

contributions of the literature (e.g., Blanton et al., 2015; Kaput, 2008), Pincheira and Alsina (2021a) 

establish an initial characterization of the knowledge involved in solving tasks that promote algebraic 

thinking in primary education as a dynamic dimension, which emerges from the review of the curricula of 

various countries that explicitly consider early algebra from the early stages of schooling: a) understand 

the different types of relationships and patterns; b) use algebraic symbols and mathematical models to 

represent situations; c) understand change; and d) use variables to determine a constant or unknown. 

This characterization is also supported by the contributions of various authors, who underscore how early 

algebra offers students the opportunity to analyze the relationships between quantities intuitively and 

informally, identify structures from the generalization of the properties of arithmetic, explore patterns, 

study change and functions (e.g., Kieran, 2004), express equivalences and equations from a relational 

understanding of the equal sign, and use variables (e.g., Carraher & Schliemann, 2019; Molina et al., 

2009), which is related to different modes of algebraic thinking, primarily relational and functional thinking.  

According to Strand and Mills (2014), teachers who introduce early algebra teaching are 

responsible for facilitating their students' ability to build their algebraic understanding. However, it is likely 

that in-service and pre-service teachers have yet to have opportunities to explore early algebra during 

their time in primary education. Therefore, the only teaching and learning experience they have in this 

regard is the one they receive during their training process.  

Elsewhere, Ball et al. (2005) state that teachers who possess mathematical knowledge for teaching 

can better promote student learning, which makes it necessary to investigate the mathematical 

knowledge of early algebra of pre-service primary education teachers. Hohensee (2017) argues that there 

needs to be more research to guide how to train primary school teachers to teach early algebra. 

Therefore, "teacher training involves developing, in addition to appropriate teaching situations that 

promote reflection and evolution of their knowledge of elementary algebra, instruments for assessing the 

state of their knowledge" (Godino et al., 2015a, p.128). Consequently, assessment tools must be 

developed to characterize the mathematical knowledge possessed by primary school teachers to provide 

instruction in this content block. 

From this perspective, our study aims to build and validate an instrument to assess the 

mathematical knowledge of early algebra of primary education teachers during their initial training. To do 

so, we relied on the Mathematical Knowledge for Teaching (MKT) model proposed by Ball et al. (2008).  

Mathematical Knowledge for Teaching  

The notion of knowledge for teaching was introduced by Shulman (1986) in response to what he called 

a blind spot regarding the subject of study of research on teaching training and knowledge. The 

contributions of Shulman (1986; 1987) gave rise to a solid field of research on what teachers know and 

how they think about specific content.  
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Based on these ideas, Ball et al. (2008) identified a domain map of mathematical comprehension 

and skill, forming the MKT model. This model emerges as the result of an attempt to redefine and 

empirically validate teachers' knowledge to teach mathematics.  

The MKT is defined as “mathematical knowledge needed to perform the recurrent tasks of teaching 

mathematics to students” (Ball et al., 2008, p.399) and considers two significant domains of knowledge 

(Figure 1): subject matter knowledge and pedagogical content knowledge, each made up of different 

subdomains.   

 

Figure 1. Mathematical Knowledge for Teaching (MKT) (Hill, Ball, & Schilling, 2008, p.377) 

Subject matter knowledge considers: common content knowledge (CCK), defined as 

“mathematical knowledge and skill used in settings other than teaching” (Ball et al., 2008, p.399), 

meaning it corresponds to a type of knowledge that is used in a wide variety of settings to correctly solve 

mathematical problems; specialized content knowledge (SCK), which is “mathematical knowledge and 

skill unique to teaching” (Ball et al., 2008, p.400), meaning it is knowledge that is not normally used for 

purposes other than teaching and is related to how to accurately represent mathematical ideas, as well 

as to provide mathematical explanations, rules and procedures (Hill et al., 2008); and horizon content 

knowledge, which is related to understanding the connections between the mathematical topics that 

comprise the curriculum (Ball & Bass, 2009). 

On the other hand, pedagogical content knowledge consists of knowledge of content and students 

(KCS), which is "knowledge that combines knowing about students and knowing about mathematics" 

(Ball et al., 2008, p.401); more specifically, it refers to the knowledge that teachers have about the 

conceptions and common misconceptions of students, as well as the specific difficulties they face in 

covering specific mathematical content; knowledge of content and teaching (KCT) is that which 

"combines knowledge about teaching and knowing about mathematics" (Ball et al., 2008, p.401), 

meaning it is the knowledge that teachers have about how to design instruction and make decisions about 

instruction, such as selecting examples, materials, methods or teaching techniques; and finally, 

knowledge of content and curriculum as it relates to knowledge of the content involving the study plan 

designed for each educational level in the area of mathematics.  
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The categorization of the subdomains of the MKT model can be used to examine the teachers' 

knowledge in the practical aspect (Ng, 2011). However, this categorization reflects various teaching styles 

or approaches, whether in a whole-class discussion, a written assignment, or a questionnaire (Ball et al., 

2008).  

Development of Assessment Tools and Previous Research on the Knowledge 
of Pre-Service Primary School Teachers and In-Service Teachers to Teach 
Early Algebra 

Studies of the knowledge of primary school teachers about early algebra and its teaching are still being 

determined. These studies have contributed to the development of some tools that have been 

approached from different theoretical perspectives of the teacher's knowledge, providing evidence of the 

knowledge that pre-service and in-service teachers must handle tasks of an algebraic nature and guide 

their teaching. 

Using the Onto-semiotic Approach to Cognition and Mathematical Instruction-EOS (Godino et al., 

2007), for example, Castro (2011) evaluates the didactic analysis skills of pre-service primary school 

teachers involving elementary algebraic reasoning tasks in the context of designing a teaching unit. The 

activities related to algebraic reasoning proposed by the pre-service teachers suggest an arithmetic 

character mainly, followed by activities of a geometric and measurement nature. It also notes that pre-

service teachers must fully prepare to include early algebra in the elementary school curriculum. Along 

the same lines, Aké (2013) evaluates the elementary algebraic reasoning of 40 pre-service primary 

school teachers based on a questionnaire with eight open-ended items focusing on arithmetic problems 

of multiplicative structure, pattern identification, properties of operations, and algebraic modeling. The 

results suggest that they are unfamiliar with the processes of developing algebraic ideas, considering the 

properties and relationships underlying elementary mathematical activities.  

From the perspective of the didactic-mathematical knowledge model (Godino, 2009), for example, 

Godino et al. (2015b) evaluate elementary algebraic reasoning in 597 pre-service primary school 

teachers by administering a questionnaire with ten open-ended items that delve into algebraic content 

and didactic content involving structures, functions, and modeling. In their analysis of algebraic 

knowledge, they identify gaps in the teachers' knowledge of equations, relationships, and functions, while 

in their analysis of teaching knowledge, they note a deficit in epistemic knowledge and knowledge of 

instructional aspects. Similarly, Mejías (2019) evaluates the teaching-mathematical knowledge for 

teaching algebra by administering a questionnaire with eight open-ended items focusing, as in the 

previous study, on the notion of structure, functional thinking, and modeling, applied to 121 in-service 

primary school teachers, determining that this knowledge is insufficient. Their limitations are related to 

the scarce mathematical argumentation versus an algebraic justification or interpretation and deficiencies 

in the treatment of algebraic content.  

From the perspective of the MKT model (Ball et al., 2008), the systematic review conducted by 

Pincheira and Alsina (2021b) shows that the studies carried out based on this knowledge model focus 

mainly on in-service teachers. Wilkie (2014), for example, analyzes the mathematical knowledge for 

teaching functional thinking of 105 in-service teachers through an open-ended questionnaire with six 

items on tasks involving functions, relationships, and variations that delve into four subdomains of the 

MKT model: specialized content knowledge, knowledge of content and students, knowledge of content 

and teaching, and knowledge of the curriculum. The analysis of the responses revealed that two-thirds 

of the teachers demonstrate knowledge of content in pattern generalization tasks. However, less than 
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half demonstrated a reasonable pedagogical knowledge of content, especially when providing suitable 

examples for developing functional thinking.  

Trivilin and Ribeiro (2015) analyze the specialized content knowledge and knowledge of the 

curriculum exhibited by ten in-service teachers involving the equal sign by administering an open-ended 

questionnaire, which revealed limitations in recognizing its meanings, such as the notion of operation 

when identifying the use of the equals sign as a symbol in mathematical operation sequence tasks, and 

the notion of equivalence when identifying tasks that refer to the use of the equals sign to relate two 

different representations of the same mathematical object. They also identified difficulties in determining 

the implications of teaching the different meanings of the equal sign in the curriculum. However, along 

these same lines, Barboza et al. (2020) and Barboza et al. (2021) report remarkable progress in the 

development of mathematical knowledge in a group of 6 in-service teachers through an intervention when 

moving between the operational, equivalence, and relational meaning of the equal sign. 

Ferreira et al. (2017) identify the mathematical knowledge of 14 in-service teachers when 

discussing tasks with algebraic potential. The results show little familiarity with core questions of algebraic 

thought related to the generalization of arithmetic, such as number relationships, the properties of 

operations, and the meanings of the equal sign. Deficiencies are noted in identifying errors and 

recognizing the nature of an error.  

As for studies that analyze the mathematical knowledge of pre-service primary school teachers, 

McAuliffe and Lubben (2013) analyze a teacher's performance when designing and teaching an early 

algebra lesson on patterns. These authors note the difficulty of helping students shift from focusing solely 

on the number pattern to simultaneously focusing on the function, a central transition in early algebra 

teaching.  

Bernardo et al. (2017) apply an open-ended questionnaire to access the common content 

knowledge and specialized content knowledge that 60 pre-service teachers must interpret students' 

output in the context of an algebraic task. The results show the difficulties in assigning the semantic 

meaning involved in the students' solution to an equitable distribution task. Likewise, Zapatera and Callejo 

(2017) used two open-ended questionnaires to analyze the mathematical knowledge of 40 pre-service 

teachers in the context of a pattern generalization task. The first focuses on specific questions of the task, 

and the second involves the analysis of responses from three students, obtaining, as a result, a low level 

of specialized knowledge since they exhibit difficulties identifying the mathematical elements used by 

students and in abstracting observed regularities to interpret the characteristics of understanding 

generalization.  

Oliveira et al. (2021) analyzed the aspects of functional thinking presented by 164 pre-service 

teachers at the beginning of their training program by using an open-ended questionnaire with three 

items. Their results reveal a lack of successful strategies to generalize functional relationships and 

difficulties in understanding and connecting the different representations of functions.  

These studies show that in-service and pre-service teachers need to improve the mathematical 

knowledge required to tackle early algebraic tasks and promote the development of algebraic thinking in 

primary education. Likewise, the instruments used to measure this knowledge mainly involve 

questionnaires investigating different aspects of early algebra.  

METHODS  

In keeping with the goal of our research, we conducted an instrumental study (Montero & León, 2002) 
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that consisted of designing and adapting tests, as well as studying their psychometric properties. For our 

study, we developed a questionnaire that considers four phases (Figure 2): 

 

 

Figure 2. Phases of the Development of the Questionnaire 

Construction of the Initial Version of the Questionnaire  

The initial items of the questionnaire emerge from phase 1, where mathematical tasks proposed by 

Pincheira and Alsina (2021a) have been selected to address the characterization of early algebra for 

primary education. Then, based on the particular richness offered by each mathematical task selected, 

we delved into initial aspects of the domains and subdomains that comprise the MKT model (Ball et al., 

2008) by using open-ended questions since they provide greater insight into the answers of the 

participants (Cohen et al., 2011). These questions aim to place pre-service teachers in teaching situations 

that allow us to analyze their mathematical knowledge for teaching early algebra.  

Thus, the initial version of the questionnaire (phase 2) contains six items and a total of 22 open-

ended questions, as shown in Figure 3. Likewise, a first section is included to collect general identifying 

data on the participants: gender, age, and previous studies.  

Figure 3 shows the core algebraic features addressed by each item. Overall, the 6 items delve into 

the different subdomains of MKT: (a) CCK, focusing on solving the algebraic task and identifying the 

procedure as correct or incorrect; Horizon content knowledge, focusing on the link with more advanced 

algebraic contents of the curriculum; SCK, delving into the mathematical contents or properties that 

students must put into practice in order to give a solution to the algebraic task; KCS, paying attention to 

the description of the difficulties students face in solving the algebraic task; KCT, focusing on the teaching 

strategies proposed to help students solve the algebraic task; knowledge of content and curriculum, 

paying attention to the identification of the objective and school level of the algebraic task according to 

the proposed curriculum. 

 

Figure 3. Structure of the Initial Questionnaire 

1. Review of the literature on 
mathematical knowledge of 

primary education teachers and 
early algebra teaching

2. Construction of 
the initial version of 

the instrument

3. Validation of the 
instrument: Expert 
judgment and pilot 

implementation

4. Adjustments and 
construction of the 
final version of the 

instrument
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Validation of the Instrument by Expert Judgment and Pilot Implementation 

Once the initial version of the questionnaire was built, phase 3 underwent a process to validate the 

content, which involved expert judgment and pilot implementation to establish its reliability. 

Expert Judgment 

The expert judgment was carried out by a total of 12 researchers from various countries (two from Chile, 

one from Mexico, nine from Spain) with extensive experience in the field of Mathematics Education. The 

criteria for selecting the experts were: a) knowledge about the MKT model, b) knowledge of the study of 

early algebra, and c) expertise in designing instruments to assess the knowledge of pre-service and in-

service teachers. 

To carry out this validation, the experts were emailed the instrument and an assessment guideline 

to measure each item's degree of suitability based on the domains and subdomains of mathematical 

knowledge according to three categories: a) the degree of correspondence associated with whether it 

belongs to the MKT model or not (2: belongs, 1: does not belong); b) the formulation, associated with the 

language and clarity of each item (3: adequate, 2: needs improvement, 1: inadequate); and finally c) the 

relevance, which is related to the consistency of the item with respect to each subdomain of the MKT 

model (3: relevant, 2: with doubts, 1: not relevant). Likewise, the guideline contains a final section to 

express comments, proposals for improvement, or observations, both at the general level of the 

questionnaire and for each specific item.  

Pilot Implementation 

The validation of the expert judgment prompted us to modify the instrument before implementing the 

questionnaire with ten pre-service teachers. The sample was selected by considering a non-probabilistic 

sampling of an accidental or causal nature (Creswell, 2014) since the possibility of joining this group 

determined the selection criterion.  

At the time of the pilot implementation, the ten pre-service teachers were in the third year of their 

Degree in Primary Education at a Spanish university: the criterion for inclusion was interested in 

participating in the study voluntarily after having informed them of the study's development. Therefore, 

the pilot implementation of the questionnaire was carried out during a lecture (90 minutes) that was given 

to the participants as part of the "Mathematics II" subject. They answered the questionnaire voluntarily 

after signing an informed consent.  

Of the ten pre-service teachers, 7 were women and 3 were men, and their ages ranged between 

20 and 22. 100% of the participants completed high school, 90% focusing on humanities and social 

sciences, and 10% on science and technology. The participants also took a previous subject called 

"Mathematics I," where they received instruction on numbering and calculation. The questionnaire's 

internal consistency and reliability (Cronbach's Alpha coefficient) were determined using the SPSS 

Statistics 27 data processing. We considered that for a scale to have internal consistency and be 

considered reliable, Cronbach's Alpha must be greater than 0.7 (Oviedo & Campo-Arias, 2005). 

Finally, we analyzed the difficulty index of the items (DI), defined by Muñiz (2017) as the ratio of 

the number of subjects who answered the item correctly to those who provided an answer. The value of 

DI can fluctuate between 0 and 1, with 0 indicating the maximum difficulty and 1 the least difficulty, with 

the medium difficulty indices having the best ability to discriminate. All these steps gave rise to the final 

version of the instrument, called the MKT-Early Algebra Questionnaire (6-12-year-olds), which is shown 

in its entirety in Table 9. 
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RESULTS AND DISCUSSION 

The data obtained from assessing the expert judgment and pilot implementation of the MKT-Early Algebra 

Questionnaire (6-12-year-olds) are described below. 

Expert Judgment  

The assessments provided by the 12 experts involving how well the questionnaire items correspond to 

the domains and subdomains of the MKT model allowed us to make a descriptive analysis of the scores 

(Table 1). For each item that makes up the questionnaire, these scores can range from a minimum of 3 

to a maximum of 8 points. 

Table 1. Descriptive Statistics for Each Item Based on the Expert Assessment (N= 12) 

Items Minimum Maximum Average 
Standard 

deviation 
Coefficient of variation 

1 a) 6 8 7.41 0.996 8.812 

b) 7 8 7.91 0.228 2.882 

c) 7 8 7.91 0.228 2.882 

d) 7 8 7.75 0.452 5.832 

2 a) 7 8 7.91 0.288 3.640 

b) 6 8 7.66  0.651 8.498 

c) 7 8 7.66 0.492 6.422 

d) 7 8 7.83 0.389 4.968 

3 a) 7 8 7.83 0.389 4.968 

b) 6 8 7.50 0.674 8.986 

c) 7 8 7.83 0.389 4.968 

4 a) 7 8 7.91 0.288 3.641 

b) 7 8 7.83 0.389 4.968 

c) 7 8 7.75 0.452 5.832 

d) 7 8 7.83 0.389 4.968 

5 a) 7 8 7.75 0.621 8.012 

b) 7 8 7.75 0.452 5.832 

c) 7 8 7.83 0.389 4.968 

d) 7 8 7.91 0.288 3.640 

6 a) 7 8 7.75 0.622 8.026 

b) 7 8 7.91 0.288 3.640 

c) 7 8 7.83 0.389 4.968 

 

The mean, standard deviation, and coefficient of variation (standard deviation/arithmetic mean 

*100) were determined for each item to assess which ones to keep or eliminate. The criteria for eliminating 
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an item were that it receives an average of less than 7 points or that it has high levels of discrepancy in 

the coefficient of variation, meaning a variation more significant than 25% (López & Sanz, 2021). 

The statistical analysis in Table 1 shows that the instrument does not require eliminating any items. 

However, input from the experts by way of comments and observations indicates that the items should 

be reworded as follows: 

 Item 1: In questions 1c) and 1d), the terms strategies and contents have been changed to teaching 

strategies and concepts, respectively. The wording of 1a), 1b) and 1d) was also improved.  

 Item 2: Question 2a) has been modified since several evaluators indicated that the task already 

proposes general rules, and thus, the question should focus on which of these rules is correct. 

Finally, the wording of 2c) and 2d) was improved.  

 Item 3: In 3a), the question has been posed in the third person, the wording of 3b) was improved, 

and 3c) now specifies that we are referring to the primary education curriculum.  

 Item 4: The wording of 4b) was modified, and in 4c), the term strategy was changed to teaching 

strategy. In question 4d), explicit reference is made to the primary education curriculum, and a 

justification of the answer was added.  

 Item 5: The wording of 5a) and 5b) was improved. Similarly, as in the previous item, the terms 

teaching strategy and primary education curriculum were added in 5c) and 5d), respectively.  

 Item 6: The wording of 6a) and 6b) and the score of 6c) were improved. 

Pilot Implementation of the Questionnaire 

The pilot implementation of the questionnaire was conducted with a sample of 10 pre-service primary 

school teachers. At the start of the implementation, the instructions on how to respond to the instrument, 

the estimated time, and the purpose of its application were provided.  

Then, field notes were taken from the comments and questions that the participants expressed 

during the implementation regarding the wording of the items and questions that made up the 

questionnaire. These notes made it possible to adapt the instrument and improve the understanding of 

the statements as follows: in item 1, the terminology of the context of the task was harmonized by referring 

only to euros, and in item 2, the figure and the table given were expanded, since they were not readable 

by the participants. 

The time allotted to answer the questionnaire was deemed adequate since all the pre-service 

teachers finished the instrument in the assigned period (90 minutes). The results of the answers given 

by the pre-service primary school teachers were analyzed by constructing a rubric that established criteria 

based on the relevance of the answers.  

The data were encoded and assigned scores based on the degree of correctness of the answers: 

2 points for a correct answer, 1 for a partially correct answer, and 0 for an incorrect answer. As a result, 

the score on the questionnaire ranges from a maximum of 44 points to a minimum of 0 points. The actual 

results obtained ranged between 12 and 34 points, with an average score of 23.6 points, equivalent to 

54% of the total score.  

The instrument's degree of consistency and reliability was obtained by applying Cronbach's Alpha, 

yielding a value of 0.73, which is acceptable. This value is favorable and indicates that the instrument 

provides stable and consistent measurements with respect to the items that comprise the questionnaire. 

To calculate the DI of the instrument, the correct, partially correct and incorrect answers were classified, 

and the unanswered items were not considered. Table 2 shows a statistical summary of the data: 
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Table 2. Difficulty index of the items on the questionnaire 

Item 1 2 3 4 5 6 

DI 

(%) 

a) b) c) d) a) b) c) d) a) b) c) a) b) c) d) a) b) c) d) a) b) c) 

70 44 40 0 70 0 40 60 80 50 38 90 44 44 67 44 29 14 29 38 88 25 

 

The questionnaire has an average difficulty of 46%. On the one hand, items 1d) and 2b), 

associated with the knowledge of the mathematical horizon and the specialized content knowledge, 

respectively, exhibit the highest degree of difficulty. By contrast, the items that exhibit the lowest degree 

of difficulty are 1a), 2a), 3a) and 4a), all of which involve common content knowledge, as well as 6b), 

which is related to the knowledge of content and students. 

The following describes our analysis of the key findings based on the answers received for each 

item on the questionnaire: 

Analysis Item 1 

This item (Figure 4) is taken and adapted from the study proposed by Barboza et al. (2020). The purpose 

of items 1a), 1b), 1c) and 1d) is to assess common content knowledge, knowledge of content and 

students, knowledge of content and teaching, and knowledge of the mathematical horizon, respectively, 

and they focus on understanding different types of relationships linked to the concept of equality and the 

meaning of the equal sign as an expression of equivalence. 
 

 

Figure 4. Item 1 of the initial version of the questionnaire 



Assessing knowledge to teach early algebra from the Mathematical Knowledge for Teaching (MKT) perspective: …         649 
 

 

Table 3 shows that most correct answers were given only for item 1a), which involves 

understanding the meaning of the equal sign. In the proposed task, 70% of the pre-service teachers 

analyzed each of the answers of a group of students, explaining why they were correct and demonstrating 

a good command of common content knowledge. 

Table 3. Distribution by Percentage of Answers Given to Item 1 (n=10) 

Item 1 
Correct 

answer 

Partially 

correct answer 

Incorrect 

answer 
No answer 

a) 70 10 20 0 

b) 40 0 50 10 

c) 40 60 0 0 

d) 0 40 50 10 

 

Regarding item 1b), which involves identifying the difficulties that students have in solving the task, 

and 1c), in relation to the teaching strategies used to help those students who were unable to solve the 

task, only 40% of the answers were correct. In relation to the difficulties, the correct answers include 

"understanding the equal sign as an equivalence" (pre-service teacher 3) and "understanding that the 

problem has several possible solutions" (pre-service teacher 6). Among the possible strategies, we note 

that "the use of manipulative material could facilitate algebraic understanding when solving the problem 

with a box of coins and analyzing the possible solutions" (pre-service teacher 9). 

Consequently, we can infer that both knowledge of content and students and knowledge of content 

and teaching need to be improved. Finally, item 1d), on knowledge of the mathematical horizon, is the 

one that presents the highest degree of difficulty since none of the participants managed to relate the 

content involved in the task with other more advanced concepts of the school curriculum, such as, for 

example, first degree equations with an unknown.  

Analysis Item 2 

This item (Figure 5) is formulated from a task proposed by Demonty et al. (2018). The purpose of items 

2a), 2b), 2c), and 2d) is to assess common content knowledge, specialized content knowledge, 

knowledge of content and students, and knowledge of content and teaching, respectively, related to 

pattern understanding in functional relations. 

Table 4 shows that more than 50% of the pre-service teachers could analyze the answers given 

by the students and explain why they were correct (item 2a). For example, they note that "students 1 and 

2 gave a correct answer because they managed to identify the general rule that the number of chairs and 

the number of tables variables represent" (pre-service teacher 6). They also managed to determine 

teaching strategies to help students who were unable to solve the task (item 2d), including "using a table 

of values to represent the situation" (pre-service teacher 4) or "making predictions from manipulatives 

until they deduce the general rule" (pre-service teacher 1). 

However, there needs to be more mastery of specialized content knowledge since none of the 

participants identified the mathematical content and properties that students must use to respond to the 

task of generalizing patterns (item 2b). Likewise, in item 2c), only 40% of the participants identified the 

difficulties faced by the students who answered the task incorrectly, which reveals a limitation regarding 

their knowledge of content and students. 
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Figure 5. Item 2 of the Initial Version of the Questionnaire 

The potential difficulties they identify include "not knowing how to write a general rule that represents the 

series given" (pre-service teacher 8). 

Table 4. Distribution by the Percentage of Answers Given to Item 2 (n= 10) 

Item 2 
Correct 

answer 

Partially 

correct answer 

Incorrect 

answer 
No answer 

a) 70 30 0 0 

b) 0 40 50 10 

c) 40 20 40 0 

d) 60 20 20 0 

 

Analysis Item 3 

This item (Figure 6) is taken from the research by Bernardo et al. (2017). The purpose of items 3a), 3b), 

and 3c) is to assess common content knowledge, specialized content knowledge, and knowledge of the 

curriculum, respectively, associated with using algebraic symbols and mathematical models to represent 

mathematical situations.  
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Figure 6. Item 3 of the Initial Version of the Questionnaire 

Table 5 shows that 80% of the pre-service teachers exhibited an excellent command of common 

content knowledge and solved the problem.  

Table 5. Distribution by Percentage of Answers Given to Item 3 (n= 10) 

Item 3 
Correct 

answer 

Partially 

correct answer 

Incorrect 

answer 
No answer 

a) 80 10 10 0 

b) 50 10 40 0 

c) 30 30 20 20 

 

Regarding the specialized content knowledge (item 3b), 50% of the pre-service teachers adequately 

explained whether the contents of the student's answers were mathematically correct. Meanwhile, 

knowledge of the curriculum proved to be the most difficult, with only 30% of the pre-service teachers 

able to present the objective of the task in item 3c). Another 30% of the pre-service teachers gave a 

partially correct answer since they mentioned that the objective is linked to problem-solving but did not 

specify using equations. An example of this is evidenced in the answer of pre-service teacher 3, who 

proposed "working on mathematics through problem-solving.”  

Analysis Item 4 

This item (Figure 7) is formulated from a study proposed by Tanisli and Kose (2013). The purpose of 

items 4a), 4b), 4c), and 4d) is to assess common content knowledge, knowledge of content and students, 

knowledge of content and teaching, and knowledge of the curriculum, respectively, related to 

understanding change and use of variables. 

As Table 6 shows, a high percentage of the pre-service teachers (90%) exhibited a good command 

of common content knowledge since they solved the problem by applying generalization as a modeling 

language, managing to determine that Pedro's height is 𝑛 + 4, where 𝑛 represents Clara's height. 

Likewise, more than half of the pre-service teachers (60%) correctly identified the target school level of 

the task, with pre-service teacher five noting: "The problem is relevant for the third cycle of primary school 

[10-to-12-year-olds] because of the use of variables". We can infer that the participants have some 
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mastery of knowledge of the curriculum. 

 

Figure 7. Item 4 of the Initial Version of the Questionnaire 

However, only 40% of the participants managed to identify that the possible difficulties that led 

students to answer incorrectly (item 4b) are related to the interpretation of the variable and to determine 

strategies to help those students solve the task (item 4c), such as for example, guided questions of the 

type "What does 4 cm more mean? Or "What does 4 times more mean? How can we represent it?" (pre-

service teacher 2). There needs to be more mastery of both knowledge of content and student, as well 

as knowledge of content and teaching. 

Table 6. Distribution by Percentage of Answers Given to Item 4 (n= 10) 

Item 4 
Correct 

answer 

Partially 

correct answer 

Incorrect 

answer 
No answer 

a) 90 0 10 0 

b) 40 30 20 10 

c) 40 20 30 10 

d) 60 20 10 10 

 

Analysis Item 5 

This item (Figure 8) is taken from the study proposed by Ferreira et al. (2017). The purpose of items 5a), 

5b), 5c), and 5d) is to assess specialized content knowledge, knowledge of content and students, 

knowledge of content and teaching, and knowledge of the curriculum, respectively, aimed at 

understanding different types of structural relationships associated with the generalization of arithmetic. 

In general, this was the item with the highest degree of difficulty since only 40% of the pre-service 

teachers answered it correctly, as shown in Table 7. The item with the lowest number of correct answers 

is 5a), on the mathematical content and properties that students must use to correctly answer the task, 

revealing a poor mastery of specialized content knowledge. The pre-service teachers' answers noted the 

operations' properties: "commutative property, associative property, and neutral element of the sum" (pre-

service teacher 6). 
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Figure 8. Item 5 of the initial version of the questionnaire 

Both the knowledge of content and students, as well as the knowledge of the curriculum, are limited 

since only two pre-service teachers (20%) correctly described that the potential difficulties that led 

students to answer incorrectly are related to the understanding of the properties of the operations and 

the meaning of the equal sign (item 5b). 

Table 7. Distribution by the Percentage of Answers Given to Item 5 (n= 10) 

Item 5 
Correct 

answer 

Partially 

correct answer 

Incorrect 

answer 
No answer 

a) 40 10 40 10 

b) 20 20 30 30 

c) 10 40 20 30 

d) 20 50 0 30 

 

They also mention that the relevant level of schooling in which to present the problem is the second cycle 

of primary education (8-to-10-year-olds) (item 5d). Likewise, the level of knowledge of content and 

teaching is insufficient, since in item 5c), only one pre-service teacher mentions ideal teaching strategies 

to guide students who gave a wrong answer to the task, noting "the use of manipulatives, like the scale, 

and guided questions" (pre-service teacher 3). 
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Analysis Item 6 

This item (Figure 9) is formulated based on the study proposed by Barboza et al. (2020). The purpose of 

items 6a), 6b), and 6c) is to assess specialized content knowledge, knowledge of content and students, 

and knowledge of content and teaching, respectively, associated with understanding different types of 

relationships exploring meanings of the equal sign. 

 

Figure 9. Item 6 of the Initial Version of the Questionnaire 

Table 8 shows that item 6b) received the majority of correct answers since 70% of the pre-service 

teachers could describe the potential difficulties that led the students to respond incorrectly. Among the 

possible difficulties, they note, for example, that "students do not know the meaning of equality" (pre-

service teacher 1) and "they do not consider the equivalence relationship and the"="element in operation" 

(pre-service teacher 4). This indicates good knowledge of content and students. 

Table 8. Distribution by Percentage of Answers Given to Item 6 (n = 10) 

Item 6 
Correct 

answer 

Partially 

correct answer 

Incorrect 

answer 
No answer 

a) 30 40 10 20 

b) 70 0 10 20 

c) 20 20 40 20 

 

Items 6a) and 6c) exhibit high difficulty since the correct answers are at most 30%. The pre-service 

teachers had difficulty determining the mathematical content and properties involved in solving the task 

(item 6a), as well as identifying teaching strategies to help students solve the task (item 6c). This indicates 

significant limitations involving specialized content knowledge and knowledge of content and teaching.  

Adjustment and Construction of the Final Version of the Questionnaire 

Based on the assessment of the expert judgment and the pilot implementation of the instrument, the 

questionnaire was improved in terms of the items formulated and the clarity of the questions that comprise 

it, resulting in the final version (phase 4). The final version of the questionnaire, which, as we have 

mentioned, is called MKT-Early Algebra (6-12), consists of six open-ended items and a total of 22 

questions that evaluate the mathematical knowledge of pre-service primary education teachers to teach 

early algebra to students ages 6 to 12, presented in Table 9.  
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Table 9. Items on the Final Version of the MKT-Early Algebra Questionnaire (6-12) 

                      Item 1 

 

                      Item 4 

 
 

                   Item 2 

 
 

                     Item 5 

 

 
                    Item 3 

 

                        Item 6 
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CONCLUSIONS 

This study presented the process of building and validating an instrument to assess primary school 

teachers' mathematical knowledge of early algebra during their initial training. This instrument is based 

on the MKT model proposed by Ball et al. (2008) and allows us to delve into the mathematical contents 

that characterize early algebra in primary education (Pincheira & Alsina, 2021a): a) understand different 

types of relationships and patterns; b) use algebraic symbols and mathematical models to represent 

situations; c) understand change; and d) use variables to determine a constant or unknown. 

The validation process of the instrument considered the judgment of twelve experts and a pilot 

implementation with ten pre-service primary school teachers. This process established the reliability and 

internal consistency of the questionnaire's items and was used to adjust and refine them in terms of their 

clarity to achieve a better understanding of the problem statements. As a result, the final version of the 

questionnaire, called MKT-Early Algebra (6-12), contains six open-ended items comprising 22 questions.  

The MKT-early algebra questionnaire (6-12) complements the questionnaires built and validated 

to evaluate the knowledge that teachers can draw on to present the teaching of algebra from other 

theoretical perspectives, as is the case of the studies developed by Aké (2013), Castro (2011), Godino 

et al. (2015b), and Mejías (2019). As concerns the MKT model, unlike other questionnaires that analyze 

mathematical knowledge for teaching early algebra in primary education from a specific subdomain (e.g., 

Bernardo et al., 2017; Oliveira et al., 2021; Trivilin & Ribeiro, 2015; Wilkie, 2014; Zapatera & Callejo, 

2017), the MKT-Early Algebra questionnaire (6-12) presents a global perspective of the different 

subdomains that comprise the model. Likewise, while some studies have focused on a particular aspect 

of early algebra, such as functional thinking (e.g., Oliveira et al., 2021; Wilkie, 2014), the meaning of the 

equal sign (e.g., Trivilin & Ribeiro, 2015) and pattern generalization (e.g., Zapatera & Callejo, 2017), the 

questionnaire that we have constructed delves holistically into the different mathematical contents that 

make up the study of algebra in primary education, as mentioned earlier.  

Regarding the answers given by the pre-service teachers in the pilot implementation of the 

questionnaire, they gave us an insight into their mathematical knowledge to teach early algebra. The 

results show teachers' limitations when faced with various teaching situations typical of the instruction 

that must be provided to impart this content block in primary education with respect to the domains and 

subdomains of mathematical knowledge. 

These limitations reflect primarily the knowledge of the mathematical horizon, specialized content 

knowledge, and knowledge of content and teaching. These results, still incomplete, show similarities with 

other studies (e.g., Bernardo et al. 2017; Ferreira et al., 2017; Wilkie, 2014; Zapatera & Callejo, 2017) in 

relation to a) the inability to establish connections between the different meanings of the equality sign as 

an operator and as an expression of equivalence; b) misunderstanding the mathematical knowledge 

associated with pattern generalization; and c) difficulties determining implications for teaching numerical 

relationships and the properties of operations, linked to the generalization of arithmetic. 

Blömeke and Delaney (2012) propose that teachers' knowledge is essential to students' 

mathematical achievement; however, primary school teachers have little experience teaching early 

algebra (Blanton & Kaput, 2011). From this perspective, we believe it is necessary to provide experiences 

during the initial and continuous training of primary education teachers that allow them to develop the 

mathematical knowledge required to adequately engage in teaching early algebra. Such experiences 

should incorporate reforms that address the teaching of early algebra in accordance with the demands 

of the school curriculum since the initial training of teachers becomes more reflective if it is explicitly 
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directed toward school practice (Gellert, 2005).  

In line with Hohensee (2017), we assume that teaching early algebra in primary education implies 

a restructuring of teaching practice that, as indicated above, directly challenges teacher education. 

Therefore, primary teacher education programs should incorporate specific elements of algebra teaching 

such as for example, the practices of algebraic thinking (Blanton et al., 2011): generalizing, representing, 

justifying, and reasoning. It is also necessary to promote professional tasks that bring teachers closer to 

classroom practices: selecting examples to explain algebraic content, anticipating the answers that 

students may give to a given algebraic task, or linking algebraic content with other mathematical content 

in the school curriculum, among others. 

We conclude that the MKT-Early Algebra questionnaire (6-12) can be an effective diagnostic tool 

both to investigate the mathematical knowledge of early algebra called upon by pre-service primary 

education teachers and to reflect on teaching practices that promote algebraic thinking at this stage of 

schooling. On the other hand, as indicated, the research has comprehensively addressed the MKT model. 

However, we consider that subdomains still require a more detailed and exhaustive exploration, as is the 

case of the knowledge of the mathematical horizon, which constitutes a study limitation.  

Finally, like the validation of other instruments that evaluate the algebraic knowledge of primary 

school teachers, the questionnaire focuses on a limited sample of pre-service teachers. Therefore, in 

future research, to obtain more meaningful results that can be generalized to other realities, the 

mathematical knowledge of the teaching staff should be analyzed by employing a larger sample size.  
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