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Abstract  

Mental strategies are recognized as an effective approach for solving arithmetic operations such as addition and 
subtraction. This study focuses on developing and implementing instructional activities aimed at enhancing 
students' mental strategy skills through the Indonesian Realistic Mathematics Education (IRME) approach. The 
research employed a design-based methodology involving 2nd-grade students from an Islamic-integrated school 
in Surabaya. The study followed a research design that emphasizes the development of local instructional theory, 
encompassing three key phases: the preparatory phase (initial design development), the experimental phase 
(classroom teaching experiments), and the retrospective analysis phase. Data collection methods included 
documentation, field notes, and interviews. In the first trial, three instructional activities were conducted. Based 
on the analysis of the first trial, the number of activities in the second trial was increased to four: "Let's Get Used 
to Alms Every Day," "Don't Forget Routine Alms This Week," "Set Your Own Pocket Money," and "Let's Give 
Away Your Alms to Break Mr. Samad’s Fast." These activities were designed to achieve specific mathematical 
objectives, enabling students to understand and solve addition and subtraction problems using strategies such 
as skip counting, borrowing, and saving. The retrospective analysis concluded that students successfully learned 
to perform addition and subtraction operations on both monetary values and ordinary numbers within the designed 
learning trajectory. 

Keywords: Addition and Subtraction, Design Research, Indonesian Realistic Mathematics Education, Mental Strategies 

How to Cite: Mariana, N., & Sasmita, F. E. (2024). Designed activities on developing mental strategies using alms 
value-based learning trajectory in elementary school. Journal on Mathematics Education, 15(3), 859-882. 
http://doi.org/10.22342/jme.v15i3.pp859-882  
 

Arithmetic operations are foundational mathematical concepts that elementary school students must 

master (Principles, 2000). In elementary mathematics, four primary arithmetic operations—addition, 

subtraction, multiplication, and division—are essential for students to learn (Cooke, 2001). Before 

progressing to the concepts of multiplication and division, students must first develop a solid 

understanding of addition and subtraction. These two operations serve as the building blocks for other 

arithmetic processes, as multiplication is fundamentally based on repeated addition, and division is 

closely related to subtraction (Freudenthal, 2012; Principles, 2000). 

According to curriculum documents in Indonesia, students are expected to master addition and 

subtraction by the second grade of elementary school. However, many students in Indonesia still struggle 

with addition, particularly when working with large numbers. Nengsih and Pujiastuti (2021) have noted 

that this issue persists across both lower and upper grades. The difficulty arises because students often 
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rely on counting, using their fingers, or recalling from memory (Van Nes & De Lange, 2007). When dealing 

with numbers over 100, students find it challenging to rely solely on their memory. Some researchers 

suggest that the procedural and conceptual knowledge students have previously acquired plays a more 

significant role in their ability to perform these operations (Beishuizen, 1993; Beishuizen et al., 1997; 

Resnick, 1986). 

Students can develop procedural and conceptual knowledge by enhancing their mental arithmetic 

skills and employing mental strategies (Ashcraft, 1985; Treffers, 1991). Conceptual knowledge refers to 

the understanding that connects various pieces of information, enabling students to grasp the 

relationships and interconnections between different concepts (Carpenter, 2013; Crooks & Alibali, 2014). 

In contrast, procedural knowledge involves the steps or methods a student uses to achieve learning 

objectives, including the rules, skills, and actions they apply to solve problems (Carpenter, 2013; Crooks 

& Alibali, 2014). Procedural knowledge can be considered a component of prior knowledge. For example, 

in mathematics education, when students first learn to count, they often use their hands and fingers as a 

procedural tool (Hiebert & Lefevre, 2013). 

Mental arithmetic, or mental calculation, involves performing mathematical computations in the 

mind without the assistance of any tools, such as calculators, writing instruments, or even fingers. This 

skill is invaluable, as it allows students to conduct mathematical calculations using mental techniques 

such as visualization, memorization, and pattern recognition (Proulx, 2013). One of the key advantages 

of developing mental arithmetic is its contribution to enhancing students' overall arithmetic abilities. 

Regular practice of mental math can improve recall, focus, and problem-solving skills. Furthermore, it 

proves beneficial in situations where quick calculations are required, such as during tests, competitions, 

or daily activities (Proulx, 2019). 

Mental arithmetic is closely linked to mental strategies, with the former indirectly influencing the 

latter. Students who excel in mental arithmetic often develop effective mental computation strategies, 

enabling them to handle a broader range of calculations, including most two-digit computations and 

simple fractions, decimals, and percentages. For more complex problems, they may still resort to paper, 

pencil, or calculators (Callingham, 2005). Mental computation involves the ability to use various strategies 

to solve arithmetic problems with large numbers (Heirdsfield, 2011). Mental strategies refer to the 

processes students use to work out and arrive at accurate answers or estimates mentally, choosing the 

most appropriate strategy depending on the numbers involved (Varol & Farran, 2007). 

In Indonesia, many students are still unfamiliar with the use of mental strategies in mathematics. 

This is largely due to the infrequent integration of mental strategies in number learning. Teachers often 

rely on manual and conventional methods, emphasizing standard algorithms and procedures without 

adequately teaching the underlying concepts (Armanto, 2002). Given this background, there is a pressing 

need to develop a learning design or trajectory that can stimulate students' mental strategies, particularly 

in understanding and performing addition and subtraction with money. 

A learning trajectory is essential because students naturally follow a progression as they learn and 

develop (Sztajn et al., 2012). Just as children progress from crawling to walking, running, and jumping 

with increasing skill, they also follow a natural progression in their learning processes, particularly in 

mathematics. By understanding these natural developmental patterns, teachers can create an effective 

and appropriate learning environment. These patterns form the basis of learning trajectories, which are 

particularly relevant to mental computation activities that move from simple to complex processes. 

Learning trajectories guide teachers in designing instructional plans. They provide a framework for 

determining and formulating learning objectives, enabling teachers to make informed decisions about the 
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strategic steps needed to achieve these goals (Clements & Sarama, 2012). Furthermore, learning 

trajectories help students develop deeper conceptual understanding by building on their prior knowledge 

(Gravemeijer, 2004; Gravemeijer & Terwel, 2000). In this context, the application of learning trajectories 

often involves the Realistic Mathematics Education (RME) approach, which connects students' 

experiences to their existing knowledge (Yackel & Cobb, 1996). 

The Indonesian adaptation of Realistic Mathematics Education (RME) is known as Pendidikan 

Matematika Realistik Indonesia (PMRI). PMRI emphasizes the integration of Indonesian cultural values 

into the RME framework, which utilizes real-world contexts relevant to students' everyday lives (Siswono, 

2006; Soedjadi, 2014). The core principle of RME is that mathematics instruction should begin with 

contextual, real-life situations, making mathematical concepts more accessible and understandable for 

students. By starting with familiar, concrete contexts, students are better equipped to grasp abstract 

mathematical ideas, reducing the difficulty of learning complex concepts. 

In the PMRI approach, the learning process is paramount, emphasizing that students must engage 

actively in the learning process, discovering mathematical concepts and relationships through exploration 

and interaction. Teachers play a crucial role in guiding students, using various cultural contexts that 

resonate with students' backgrounds to facilitate understanding. This method not only makes 

mathematics more relatable but also helps students develop a deeper and more meaningful 

understanding of mathematical concepts. 

In this study, researchers utilized the context of alms (infaq) as a pedagogical tool, as it is deeply 

embedded in the daily lives of the students at the participating school. Infaq, derived from the Arabic word 

"anfaqa," meaning to give wealth or a portion of one's sustenance voluntarily, is an act of worship in Islam 

that carries both divine significance and social value (Maliyah Ijtimah'iyyah). In the Islamic context, infaq 

refers to the act of giving wealth or assistance to others as an expression of social care, fostering 

community solidarity and providing support to those in need, such as the poor, orphans, or people in 

distress. 

The context of infaq was chosen because it resonates with the participants—second-grade 

students at an integrated Islamic elementary school—where the practice of infaq is encouraged to instill 

the value of sharing. This context is also directly relevant to the mathematical concepts of addition and 

subtraction, as infaq involves the act of reducing one's assets to give to others, aligning with the arithmetic 

operations of subtracting and adding wealth (Armanto, 2002). Additionally, in the Islamic tradition, it is 

implicitly taught that those who give in infaq will receive sustenance from Allah SWT. 

The use of a religious context, such as infaq, is relatively novel in elementary mathematics 

education in Indonesia, where cultural contexts are more commonly employed. Despite its familiarity and 

significance in students' lives, religious contexts have not been widely explored in mathematical 

instruction. By integrating the context of infaq, this research aims to explore the computational strategies 

that emerge when students engage with the concepts of addition and subtraction through this Islamic 

practice. The study seeks to understand how this context can enhance students' understanding of these 

arithmetic operations.  

METHODS 

Research Procedure 

To address the objectives outlined and evaluate the instructional design that supports student problem-

solving, we propose employing the Gravemeijer Design Research Model (Gravemeijer & Cobb, 2006). 
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Design research focuses on developing local teaching theories and is characterized by five key traits: 

intervention character, process-orientedness, reflective components, cyclical nature, and theory 

orientation (Gravemeijer & van Eerde, 2009; Prahmana & Kusumah, 2017; Prediger et al., 2015). This 

approach was chosen for its systematic and flexible strategy for improving classroom instruction through 

collaboration between researchers and educators to develop effective learning designs (Gravemeijer, 

2004). 

The design research process comprises three stages, namely the preparation phase, conducting 

teaching experiments, and conducting a retrospective analysis (Gravemeijer, 2004; Gravemeijer & Cobb, 

2006). Each phase is designed to ensure a comprehensive and iterative approach to refining instructional 

practices, as detailed below: 

1. Preliminary Research 

The preliminary design stage involves developing learning activities and assessment tools to 

evaluate the learning process. This research began with a literature review on the concepts of 

addition and subtraction, the Indonesian Realistic Mathematics Education (IRME) approach, and 

the analysis of these operations within the Indonesian mathematics curriculum. The goal was to 

formulate conjectures about students' thinking processes. During this phase, a Hypothetical 

Learning Trajectory (HLT) was created as both a design framework and an assessment instrument. 

The HLT outlines the objectives of the activities, the activities themselves, and anticipated student 

responses. In this study, the HLT includes four activities aimed at deepening students' 

understanding of addition and subtraction. The HLT also serves to guide the direction and focus 

of the research analysis (Risdiyanti & Prahmana, 2020). Throughout this phase, the HLT is refined 

through thought experiments, where hypotheses about student thinking are tested from the 

perspective of experienced teachers. Adjustments to the HLT are made based on findings from 

each stage of the research (Prahmana, 2017).  

2. Design Experiment 

The design experiment phase involves anticipating and verifying the learning design, specifically 

the Hypothetical Learning Trajectory (HLT) developed during the preliminary research phase 

(Mariana, 2009). In this phase, the learning trajectory created in the earlier stages is tested to 

identify the mental strategies students employ when learning subtraction and addition. The design 

experiment consists of two cycles. This study was conducted at SD-IT At-Taqwa in Surabaya, 

focusing on classes II-E and II-F. The principal recommended these classes due to the teachers' 

ability to effectively manage and condition the students. The first cycle was carried out with 9 

students from class II-E, and the second cycle involved 16 students from class II-F. The students 

were selected by their teacher based on their active participation and proficiency in daily classroom 

activities. Each cycle lasted between 2 and 2.5 hours. The insights gained from these instructional 

activities will inform the design or modification of future learning activities and contribute to new 

conjectures about students' mental strategies (Gravemeijer, 2004). 

3. Retrospective Analysis 

The retrospective analysis phase aims to ensure that the local instructional theory is well-

developed and of high quality (Van den Akker et al., 2006). During this phase, data obtained from 

the design experiment are evaluated by comparing the initial conjectures and the Hypothetical 

Learning Trajectory (HLT) with the actual outcomes observed during the implementation of the 

learning trajectory (Gravemeijer & Cobb, 2006). This involves assessing student difficulties and 

strategies identified during the study and analyzing their responses to the designed activities. 
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Based on this analysis, the researcher refines the HLT and revises the learning activities. The 

second cycle of the design experiment is then conducted, incorporating improvements based on 

the findings from the first cycle. The researcher re-analyzes the classroom data to further refine 

the HLT and adjust the activities as needed. The focus is on achieving the objectives of each 

activity and using the HLT as a guide for the analysis. 

Data Gathering Techniques 

In design research, appropriate data collection techniques are essential to achieve the study's objectives. 

The implementation of these techniques typically involves: 

1. Field Notes 

Field notes are a valuable tool for qualitative researchers seeking to gather data through 

observations and interviews conducted in the field. Researchers record their observations in the 

field and then compile these notes upon returning to their office or residence. In this study, the field 

notes are descriptive, providing a detailed account of the observation context, participants, and 

actions relevant to the research focus. Descriptive field notes include several components: physical 

descriptions of the setting, reconstructions of dialogues, descriptions of the physical environment, 

notes on significant events, descriptions of activities, and observations of behavioral interactions 

(Moelong, 2012). For this study, field notes were used to document student strategies for problem-

solving, difficulties encountered by students during the learning process, and other relevant 

occurrences observed during the instructional sessions. 

2. Interviews 

In this study, unstructured interviews are employed, meaning that researchers do not follow a 

predetermined set of guidelines. These interviews are conducted as needed to gather additional 

information not captured through field notes (Hopf, 2004). Researchers conduct interviews with 

teachers to discuss anticipated learning outcomes and with students to gain insights into their 

experiences and perceptions of the learning process. 

The Quality Standards 

To ensure the validity of the data in this research, which does not involve numerical data, we employ 

techniques focused on maintaining the quality and credibility of the study. These techniques, often 

referred to as quality standards, are essential for validating the research findings (Mariana, 2019). In 

design research, internal validity is primarily determined by the quality of the data collection methods and 

the interpretation processes that lead to conclusions. Therefore, the quality of the Hypothetical Learning 

Trajectory (HLT) and field documentation can significantly influence the validity of the researchers' 

conclusions (Van den Heuvel-Panhuizen & Drijvers, 2020). 

In design research, two key methods are used to assess the validity of the research: Data 

Triangulation and Cross-Interpretation. Data Triangulation involves examining relationships and 

correlations between data and findings collected through various techniques. It helps ensure the 

robustness of the results by comparing different data sources (Prahmana, 2017). Cross-Interpretation 

involves consulting with experts to minimize subjectivity and enhance the credibility of the findings 

obtained from data collection. 

Triangulation, in particular, employs multiple perspectives to validate data, including those of 

teachers, participant observers, and external experts. Internal validity is further ensured by engaging in 

discussions with the teacher and participant observers after each learning experiment. The outcomes of 
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these discussions are documented in analysis notes and reviewed collaboratively with the teacher and 

observers. Any discrepancies or additional insights are addressed through further discussions to refine 

the analysis and ensure accuracy. 

Simon and Tzur (2012) identify two key reliability techniques in design research, namely internal 

reliability and external reliability. Internal reliability is achieved by organizing and categorizing data 

according to its type, including video recordings and photographs. This involves discussions with 

research colleagues who serve as observers during the design trial. Internal reliability ensures that the 

research design is robust, with tasks and roles clearly defined and cooperation effectively established 

with teachers and schools. It also involves consistency in subjective interpretations of data, including 

conclusions drawn from retrospective analysis. Feedback from teachers, participant observers, and 

experts contributes to a thorough analysis of the learning process observed in the classroom. 

Furthermore, external Reliability is fulfilled by documenting all research outcomes, both successes and 

failures, and providing a detailed explanation of the procedures followed, the theoretical frameworks 

used, and the rationale behind each decision. This includes reporting on the rationale for context selection 

in the development of local instructional theory. Validity checks are performed to ensure that the collected 

data aligns with the research focus and objectives. 

RESULTS AND DISCUSSION 

The results of this study include the development of a learning trajectory designed for testing and the 

findings from the teaching experiments conducted over both cycles. The learning trajectory, or 

Hypothetical Learning Trajectory (HLT), was developed using the context of alms, specifically tailored for 

second-grade elementary students. The first context focuses on solving problems related to addition, 

subtraction, whole numbers, time, length, weight, and money in daily activities at home, school, or 

playgrounds. It involves examining and verifying solutions and expressing them mathematically. The 

second context similarly addresses problems in these areas but emphasizes verification and articulation 

of mathematical sentences in students' own words. 

According to the basic competency standards, the mathematical goals of the HLT are to enable 

students to calculate the total amount of money using the "addition" mental strategy and to determine the 

remaining money using the "borrowing" mental strategy. The class teacher reported that students had 

grasped the basic concepts of addition and subtraction but noted that this activity effectively reinforced 

their understanding of these concepts, particularly in relation to stacked addition and subtraction involving 

borrowing and saving strategies. 

Arithmetic operations, including addition, subtraction, multiplication, and division, are often taught 

using mental strategies. Mental strategies, or mental computation strategies, represent the most common 

form of computation used in everyday life. These strategies are essential for quick calculations and 

estimations, going beyond simple mental arithmetic. Mental computation involves the process of 

determining exact or approximate answers mentally, allowing students to choose from a range of 

strategies based on the numbers involved. As students expand their repertoire of strategies, they tend to 

select those that are more efficient and effective for their needs. 

In line with the indicators and objectives set by educators, students are expected to solve problems 

involving addition and subtraction of money, particularly when dealing with amounts exceeding hundreds. 

To support this, researchers advocate for designing activities that facilitate students' practice of 

calculation strategies. Arithmetic strategies are crucial for aiding students in learning arithmetic 
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operations. Carpenter and Moser (1984) emphasize that teaching arithmetic operations should focus on 

developing mental strategies based on students' thought processes. Introducing mental strategies early 

in elementary education is essential, as it prevents reliance on finger counting (Van Nes & de Lange, 

2007). The benefits of mental computation include the development of higher-order thinking, reasoning, 

and critique skills, as well as a deeper understanding of numbers and operations. Mental computation 

enhances children's understanding of numerical relationships, helps them make procedural decisions, 

and fosters the creation of effective calculation strategies. 

The use of initial mental strategies can help students develop a broader range of mental 

computation techniques. The strategies that may emerge from students, based on the researcher's 

conjecture, include: counting all, counting on from first counting strategy, counting on from larger 

calculation strategy, using doubles calculation strategy, skip counting calculation strategy, jumping 

calculation strategy, compensation calculation strategy, bridging through ten calculation strategy, splitting 

calculation strategy, and pen and paper calculation strategy (Ashcraft & Fierman, 1982; Beishuizen, 

1993; Beishuizen et al., 1997; Carpenter et al., 1998; Carpenter & Moser, 1984; Carraher et al., 2006; 

Geary et al., 2004; Herman, 2001; Karlsson & Johansson, 2018; Macintyre & Forrester, 2003; McIntosh 

et al., 2005; Reys, 1985, 1986; Reys et al., 1993; Reys et al., 1995; Thompson, 1999; 2010; Varol & 

Farran, 2007; Widaman et al., 1989).  

Furthermore, for subtraction operations, several strategies support practical mental computation 

through various studies on mental computation and arithmetic operations, demonstrating their 

effectiveness in helping students perform subtraction tasks more efficiently and accurately, such as 

counting back calculation strategy, counting back calculation strategy, counting up counting strategy, 

using doubles counting strategy, skip counting calculation strategy, jumping counting strategy, 

compensation calculation strategy, bridging through ten calculation strategy, splitting calculation strategy, 

and pen and paper calculation strategy, whose are supported by various studies in mental computation 

and arithmetic operations (Ashcraft & Fierman, 1982; Beishuizen, 1993; Beishuizen et al., 1997; 

Carpenter & Moser, 1984; Carraher et al., 2006; Geary et al., 2004; Herman, 2001; Karlsson & 

Johansson, 2018; Macintyre & Forrester, 2003; McIntosh et al., 2005; Reys, 1985, 1986; Reys et al., 

1993; Reys et al., 1995; Thompson, 1999; 2010; Varol & Farran, 2007; Widaman et al., 1989). 

The activities designed in this research aim to encourage students to utilize and become familiar 

with mental strategies for arithmetic operations. The study resulted in Local Instructional Theories (LITs), 

which consist of three Hypothetical Learning Trajectories (HLTs). Local Instructional Theory describes 

and rationalizes the envisioned learning route, outlining a set of instructional activities tailored for a 

specific topic (Gravemeijer, 2004). 

Gravemeijer (2004) highlights two key distinctions between an LIT and an HLT. Firstly, while an 

HLT focuses on a limited number of instructional activities, an LIT encompasses an entire sequence of 

learning experiences. Secondly, HLTs are designed with a specific classroom setting in mind, whereas 

an LIT provides a broader framework that guides the development of HLTs for various instructional 

contexts. Therefore, the primary differences between LITs and HLTs are their scope and their application 

within particular classroom environments. 

The activities outlined in HLT 1 draw upon the theories of Beishuizen (1993) and Thompson (1999), 

who emphasize that mental strategies typically emerge from students starting with the simplest forms of 

calculations that they encounter in their everyday lives. Students are more likely to develop effective 

mental strategies if these strategies begin with familiar and manageable tasks that do not overwhelm 

them (Baroody, 1992; Thevenot et al., 2016). HLT 1 incorporates these principles by initiating activities 
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that involve students independently counting money using their own methods. According to Mariana et 

al. (2018), simple tasks such as calculating the total salary with self-devised strategies, creating shopping 

lists with estimated prices, calculating total expenditures and remaining funds, allocating remaining 

resources for basic needs, and converting calculations into fractions, can effectively stimulate students' 

thinking and help them develop their mental strategies.  

In HLT 1, the researcher designed three distinct activities to span across three lessons, each 

incorporating the alms context to achieve specific mathematical goals. The activities are “Let's Get Used 

to Alms Every Day,” “Don't Forget to Alms Regularly This Week,” and “Determine Your Own Pocket 

Money.” Each of these activities is designed to be simple, engaging, and enjoyable, aligning with the 

overall goals of HLT 1. They aim to promote familiarity with mental strategies through practical and 

relatable contexts. For a detailed overview, Table 1 summarizes the activities, the theoretical framework 

supporting each activity, and the corresponding mathematical objectives. 

Table 1. Summarizes the activities, underlying theory, and mathematical goal of the first HLT 

Underlying Theory Activities Mathematical Goal 

The mental strategies that 

most often appear when 

learning addition in 

elementary school students 

are counting all counting 

strategies, counting on from 

first counting strategies, 

counting on from larger 

strategies, using doubles 

counting strategies, skip 

counting strategies, jumping 

counting strategies, 

compensation calculation 

strategies, bridging through 

ten calculation strategies, 

splitting calculation strategies, 

and pen and paper calculation 

strategies 

Let's get used to alms every day 

 

To Perform Addition 

and Subtraction 

using skip counting 

calculation strategy 

The calculation strategies that 

appear in the concept of 

subtraction calculation 

operations are counting back 

calculation strategy, counting 

back calculation strategy, 

counting up calculation 

strategy, using doubles 

counting strategy, skip 

counting calculation strategy, 

Don't forget to give charity regularly this 

week  

 

 

To Perform addition 

and subtraction using 

friendly number 

calculation and splitting 

strategies 
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Underlying Theory Activities Mathematical Goal 

jumping calculation strategy, 

compensation calculation 

strategy, bridging through ten 

calculation strategy, splitting 

calculation strategy, and pen 

and paper calculation strategy 

 You can set your allowance by yourself 

 

Perform addition and 

subtraction using the 

Borrow and Save 

calculation strategy 

 

 

In Activity 1 of HLT 1, students engaged in two main tasks: counting one group's pocket money 

using the skip counting-on strategy and calculating the remaining pocket money after alms using the skip 

counting-back strategy. Remarkably, students performed well beyond expectations, demonstrating 

strong proficiency in these tasks. They were able to solve the problems efficiently and without significant 

difficulty.  

Contrary to the conjecture in HLT 1, which anticipated that students might count items randomly 

or from smallest to largest, all groups instead counted from the largest amount to the smallest. Notably, 

the "Great" and "Smart" groups chose to count their members' pocket money individually, as illustrated 

in the following conversation: 

 

Teacher : Naah according to the fraction of pocket money shown by Ms. Febri on the screen 

which also corresponds to the amount of pocket money of all of you how do you 

calculate it. 

Azza : Do we have to count as usual? 

Teacher : Yes girls, how did you calculate? 

Marsya : But my pocket money is 10,000, so my mother usually gives me 5,000 instead of 

500 and 2,000. 

Teacher : Yes, Marsya but it could be that one day your mom runs out of 5,000 so she gives 

500 and 2000. 

Azza : We usually count one by one. 

 

Another term that emerged was "skip counting," which students interpreted as a method of quickly adding 

or subtracting by visually referring to the money media. Students commonly used skip counting by 5s and 

10s to sum up their pocket money.  

For calculating the remaining 2000, they were able to perform the calculation swiftly due to the 

relatively small number of alms involved. When counting 500, students also utilized skip counting by 10s, 

as demonstrated in the following conversation: 

 

Teacher : What if the infaq uses 500 rupiahs? 
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Reyhana : We can do like this we have 24 coins 500 (while showing the scribble drawing on 

the paper) directly taken the rest is 2 first then taken 10 so the rest is 12, as shown 

in Figure 1. 

 

 

Figure 1. Student’s work  

Through the first activity, both teachers and researchers aimed to see similar reasoning and 

understanding in the second activity. The success and strategies observed in the initial task provide a 

solid foundation for subsequent activities. The evidence gathered will not only serve as a benchmark for 

the next day's lessons but also inspire other students to apply quick and effective strategies for solving 

problems related to counting and managing money. This continuity in approach ensures that the learning 

process remains coherent and builds upon the strategies developed in previous sessions. 

In Activity 2, students faced greater challenges compared to Activity 1 due to the increased 

complexity of adding more numbers, leading to longer group discussions. As anticipated in the HLT 1 

conjecture, each group employed the skip counting strategy when calculating their weekly pocket money. 

When encountering difficulties, students requested toy money media, similar to their approach in Activity 

1. This is evident from the following conversation with the "Cool" group: 

 

Praha : Ustadzah, where is the money picture, we can't count this. 

Teacher : Today there is no picture of money toy. 

Azka : We must draw it ourselves, right? 

Teacher : You can if you want. 

Praha : There are so many pictures, is there any other way? 

 

According to the teachers, the difficulties students experienced in Activity 2 are understandable, 

given that they are typically accustomed to simpler addition tasks involving only up to three numbers. 

Despite these challenges, the teachers noted a positive aspect: even though students faced difficulties, 

they remained persistent. With guidance from both researchers and teachers, the students successfully 

achieved the activity's goals. 

 

  



Designed activities on developing mental strategies using alms value-based learning trajectory in elementary school       869 
 

 

Reyhana : Ustadzah, is this right? 20-8 is 12, so 32-8 is what, ust? (Almost leads to friendly 

numbers) 

Teacher : Hmm, Reyhana is smart but unfortunately, she hasn't found the result yet. 

Reyhana : Well, what do we do, ustadzah? 

Teacher : Try to think calmly about how to make 15 + 12 as easy as 20 + 12. 

Kennard : We can just change the number to 20 or 30 heheheheh. 

Teacher : How do you change 15 to 20 Kennard?  

Kennard : Like reyhana earlier 20 - 5. 

 

A notable outcome of this activity was that two groups—the "Smart" group and the "Cool" group—

demonstrated the ability to apply multiple strategies to solve a single problem. Specifically, these groups 

were able to use both the friendly number and splitting strategies. This indicates a significant development 

in their problem-solving skills and their ability to adapt and employ different mental strategies for more 

complex calculations. 

 

Teacher  : Almost right. 

Keke  : or 15 + 5. 

Researcher : That's right. 

Keke  : So, 15 plus 5 ust huh? 

Researcher : Yes, Keke. 

Keke  : If 12 + 12 is also 12 made into 20, right? 

Kennard  : Ustadzah, for a moment, did you see those 12 + 12 results in 24, right?  

Teacher  : Right, how do you know? 

Kennard : I just multiplied it ust hehe it turns out the result is the same if the 12 is broken 

down. 

Teacher  : What does break down mean? 

Kennard  : You see, ust 1 + 1 is 2 and 2 + 2 is 4? Right? 

Teacher  : Exactly, but it shouldn't be 1 + 1 but 10 + 10, 12 is 10 and 2. 

Kennard  : Yes, that's the point. 

 

The researchers were pleasantly surprised by the outcomes of Activity 2, as students exceeded 

their expectations. This success can be attributed to the open-ended questions posed by the researchers, 

which encouraged students to explore and apply various strategies creatively when calculating the 

amount of pocket money. The students were able to effectively explain their strategies during their 

presentations at the end of the meeting, demonstrating a clear understanding of their methods. 

Moreover, students concluded that alms are not a one-time activity per week but should be 

practiced daily, reflecting a deeper grasp of the concept. Teachers noted that this approach to learning 

mathematics not only increased students' enthusiasm and persistence but also made the learning 

process more meaningful. The positive impact of incorporating a spiritual context, such as alms, 

alongside mathematical learning contributed to both the students' cognitive and spiritual development.  

In Activity 3, the researchers' predictions from HLT 1 were largely confirmed. The "Great" and 

"Cool" groups encountered challenges when calculating both the total amount of pocket money they 

desired and the remaining amount after giving alms. Despite these difficulties, students effectively utilized 

the friendly number and splitting strategies they had learned. This observation aligns with the conjectures 
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outlined in HLT 1, demonstrating that students were applying the mental strategies consistently across 

activities. 

 

Teacher : Okay "Great" group, you want to discuss to count whose pocket money first? 

Azza : It's easy, you can count who's pocket money first. We already know how because 

you taught us yesterday. 

Marsya : Yes, ust, we can use the method from yesterday, right? 

Teacher : You can try it first.  

 

Researchers and teachers can conclude that children can capture and understand the results of the past 

day's learning, although the terms they use are different namely breakdown strategy and 20 make 

strategy.  

 

Keke : Ust, I'm sorry, 15 + 15 can't be calculated by splitting ust, what do I do? Must be 

made into 20, right ust? 

Teacher : How can we make it easy? You wrote it horizontally earlier, try writing it down. 

 

sometime later 

Kennard : The result is 30 right ust? 

Teacher : How come it's so fast? 

Reyhana : Yes, ust, if I'm not mistaken, ustadzah said that if the result is two numbers, the 

other number is kept up here. 

Kennard : My teacher also taught me this ust in the past. 

Teacher : Great. 

 

In Activity 3, each group encountered challenges when adding numbers whose sums exceeded 

10. Students reported difficulty applying the splitting calculation strategy for these problems due to the 

presence of tens in the results. Additionally, calculating the remaining money posed challenges, as 

anticipated. Some groups attempted to solve these problems by arranging the numbers vertically, but 

they struggled with the larger numbers they needed to subtract. This reflects the complexities involved in 

mental calculations with larger figures and highlights areas where further support may be needed.  

 

Praha : Ust we've all counted the rest of my pocket money and Azka's pocket money, but 

we can't count Rani's pocket money. 

Teacher : Why can't you count Rani's pocket money? 

Teacher : How come? 

Rani : Yes ust, Rani's pocket money is 50,000 and Rani's infaq is 15,000, so if we 

calculate 50-15, it is not possible. 

 

Despite the difficulties, students demonstrated an understanding of how to calculate the remaining 

money using the borrowing strategy, as anticipated. They were able to grasp the concept and apply it in 

their calculations. Interestingly, the terminology students used aligned well with the established methods, 

indicating a clear comprehension of the strategy. This shows that even with initial challenges, students 

can adapt and utilize appropriate strategies to solve arithmetic problems.  
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Teacher : Praha is smart, indeed 0 is the smallest number, but how can 0 be reduced by 5? 

Rani : Is it borrowing the number in front of it? 

Teacher : That's right. 

Prague : Oooh I know the 0 is borrowing 1 huh? If it borrows 1, the result will be 5, right 

10-5 =. 

The teacher and researcher clap their hands 

Azka : You're smart. 

Rani : But the result is 45, is that right? 

Teacher : No, the result is not 45. 

Rani : After all, 5-4 is 1 right? 

Teacher : Rani forgot, didn't she? What did you do with the 5 to subtract the 0? 

Prague : The 5 is borrowed 1 right ust, meaning that the remaining 4 is left ust? So, if you 

borrow it, you also subtract it ust? 

Teacher : That's right Praha, something borrowed like an eraser is also subtracted. 

Rani : Yes, the result must be 35, right? 

  

After addressing a few questions, each group successfully grasped how to calculate the amount 

of pocket money using the counting and saving strategy. Remarkably, when the researcher provided brief 

explanations, one or two students from each group quickly identified the appropriate strategy to use. The 

teacher observed that while students might have initially forgotten or struggled with the concept, the 

activity effectively refreshed and enhanced their understanding. This process not only reminded students 

of previously learned strategies but also helped refine their ability to apply these strategies effectively. 

The teacher was pleased with the outcome, recognizing that the activity served as a valuable 

reinforcement of students' calculation skills and strategic thinking. 

In the retrospective analysis of HLT 1, it was concluded that students had effectively mastered the 

calculation strategies and met the goals outlined for each activity and the overall mathematical objectives. 

As a result, researchers decided to expand the number of activities to four to further enrich students' 

calculation strategies. A new mental strategy, the jumping strategy, was introduced in HLT 2. This 

strategy involves students jumping to the nearest ten before splitting, aiming to facilitate the use of friendly 

numbers and enhance the splitting strategy.  

In HLT 2, the jumping strategy involves students first rounding to the nearest ten, with the aim of 

facilitating the use of friendly numbers in subsequent calculations. This strategy also incorporates 

splitting, where students divide larger numbers into more manageable parts before applying the jumping 

strategy. By doing so, researchers hope to enhance students' ability to use these strategies effectively. 

Additionally, new activities have been introduced with varied alms contexts, both building on and 

diverging from those in HLT 1. These new activities are designed to provide more complex and concrete 

scenarios, encouraging students to gain a deeper understanding of the alms context and apply their 

mathematical strategies more broadly. The HLT for the second designed activity includes four distinct 

tasks aimed at deepening students' understanding and application of mathematical strategies within 

various contexts, namely “Let's get used to alms every day,” “Don't forget to give charity regularly this 

week,” “You can set your allowance by yourself,” and “Let's Help Pak Samad to break the fast.” 

Furthermore, Table 2 provides an overview of each activity's focus, the mathematical concepts 

addressed, and their contextual relevance. 



872                     Mariana & Sasmita 
 

 

Table 2. Summarizes the activities, HLT 1 Result, and mathematical goal the HLT 2 

The Result of HLT 1 Activities Mathematical Goal 

We increased the activities 

into 4 activities to enrich the 

calculation strategy of 

students. The addition of the 

mental strategy is in the 

jumping calculation strategy in 

the second activity that was 

not previously in HLT 1. 

Jumping strategies are added 

so that students more easily 

lead to friendly numbers and 

splitting. This is in accordance 

with the sequence of counting 

strategies presented by 

Thompson, (1999, 2010) 

Let's get used to alms every day 

 

to perform addition and 

subtraction using skip 

counting calculation 

strategy 

Don't forget to give charity regularly this 

week  

 

 

to perform addition and 

subtraction using 

jumping strategies 

You can set your allowance by yourself 

 

 

 

 

 

Let's Help Pak Samad to break the fast 

 

to perform addition and 

subtraction using the 

friendly number and 

splitting strategies 

perform addition and 

subtraction using the 

borrowing and saving 

strategies  

 

Furthermore, researchers will discuss learning patterns in students when implementing the second 

HLT. 

1. Let's get used to alms every day 

In this activity, the primary aim is to encourage students to use skip counting for summing amounts 

of money and to employ the skip counting back strategy to determine the remaining amount. This 

strategy is commonly observed among elementary students when counting objects and finding the 

remainder after subtraction (Thompson, 1999, 2000). The researcher deliberately selects specific 

monetary fragments for students to count, aiming to enhance their critical thinking about using 

fractions in calculations compared to their prior experience. Most groups utilize the counting-on 

strategy starting from larger amounts, with one group applying skip counting in patterns of 2.2 and 

5.5. When prompted by the teacher to "How to count faster," students predominantly face 

challenges. Nonetheless, nearly three groups successfully implement the skip counting back 

strategy, while one group continues to rely on the counting back strategy from the largest number, 

counting one-by-one.  

2. Don't forget to give charity regularly this week 

In comparing HLT 1 and HLT 2 for this activity, there are notable differences in their focus and 

goals. In HLT 1, the primary objective is to have students effectively use friendly numbers and 

splitting mental strategies for calculations. The approach emphasizes helping students become 

familiar with these strategies through guided activities. In contrast, HLT 2 introduces the jumping 

mental strategy as the central focus. This strategy involves using a number line to jump in tens 

and ones, making it easier for students to reach the correct answer. The goal in HLT 2 is for 

students to apply the jumping strategy to count their weekly allowance and determine the 
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remaining money after giving alms. This method is designed to enhance students' ability to handle 

addition and subtraction problems efficiently. Additionally, HLT 2 incorporates open-ended 

problems to encourage the emergence of new mental strategies. As students practice the jumping 

strategy, they are also prompted to use splitting techniques by dividing tens of thousands by 

thousands before performing jumps. This approach aims to deepen their understanding and 

application of the splitting strategy in subsequent activities. Overall, the jumping strategy in HLT 2 

is expected to facilitate a better grasp of friendly numbers and enhance students' problem-solving 

skills in arithmetic. This progression from HLT 1 to HLT 2 is intended to support students in 

mastering addition and subtraction operations with greater ease (Beishuizen et al., 1997). 

In this worksheet, students were tasked with recording their weekly allowance, which introduced 

opportunities for conflict and encouraged critical and creative thinking about their strategies. Two 

groups opted to use the skip counting on strategy, as taught previously, while the other two groups 

attempted to use multiplication. The latter approach, however, led to difficulties as students 

struggled to maintain their calculations midway. In response, the teacher provided guiding 

questions to help students explore and apply new strategies, such as jumping, friendly numbers, 

or splitting. Regarding the calculation of leftover money, most groups successfully applied the new 

strategies introduced in HLT 2—jumping, friendly numbers, or splitting. Only one group continued 

to use the skip counting back strategy. This indicates that students were able to engage with and 

understand new strategies through contexts that are relevant to their everyday lives, reflecting their 

ability to adapt and integrate these approaches into their problem-solving processes. 

3. You can set your allowance by yourself 

In this activity, students are tasked with calculating their self-assigned weekly allowance, requiring 

group discussions to determine the most appropriate mental strategy. This activity is included in 

both HLT 1 and HLT 2, though the focus differs between the two. In HLT 1, the emphasis is on 

using carrying and borrowing mental strategies. Students generally grasp these strategies well, as 

they have previously learned to use splitting techniques. This observation aligns with Thompson’s 

(1999) assertion that understanding regrouping or splitting facilitates the use of carrying and 

borrowing strategies. In contrast, HLT 2 directs students to employ friendly numbers and splitting 

mental strategies. While students initially struggle with the jumping strategy, they quickly adapt 

when guided by the teacher. This guidance helps them understand and effectively use friendly 

number counting and splitting strategies. When calculating the remaining allowance, students in 

HLT 1 often seek clarification on the carrying and borrowing methods, expressing doubts about 

their accuracy. In HLT 2, however, students can more readily and accurately apply friendly 

numbers and splitting strategies to determine the remaining money, demonstrating a clearer 

understanding and more efficient problem-solving approach.  

4. Let's Help Pak Samad to break the fast 

This activity, exclusive to HLT 2, focuses on calculating the total amount of alms collected by all 

groups over a week and determining the remaining alms after contributing to Mr. Samad. It involves 

using the carrying strategy for addition and the borrowing strategy for subtraction, designed to 

present more complex and concrete problems to enhance student understanding of alms. At the 

start of the activity, many students resort to splitting and friendly number strategies. They struggle 

particularly with adding large numbers, such as 78,000 + 95,000. The teacher provides guiding 

questions to help students transition to using the carrying strategy effectively. For calculating the 

remaining alms, most students quickly and correctly apply the borrowing strategy without needing 
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extensive teacher intervention. They generally seek confirmation to ensure their methods are 

accurate. This demonstrates that, despite initial difficulties, students are able to adapt to and utilize 

the borrowing strategy efficiently with minimal guidance. 

 

In the design of the Hypothetical Learning Trajectory (HLT) outlined above, notable differences 

can be observed between the first and second iterations of the HLT. In the second iteration, an additional 

activity was incorporated to further enhance the mental strategies that students are expected to learn. 

These modifications were informed by the findings and retrospective analysis of HLT 1, the initial design 

of the HLT. This approach aligns with Mariana's (2009) assertion that conclusions and evidence derived 

from the analysis of previous HLT iterations can serve as valuable references for enriching subsequent 

HLT activities and hypotheses. 

The retrospective analysis of HLT 1 revealed that students had successfully mastered the overall 

arithmetic strategies and achieved the goals set for both the activities and the mathematical objectives 

defined at the outset. Consequently, the researcher introduced a fourth activity in HLT 2 to further develop 

the students' mental strategies. Notably, the addition of a "jumping strategy" was a significant 

enhancement in HLT 2 that was not present in HLT 1. The jumping strategy involves guiding students to 

first "jump" to the nearest ten, facilitating the use of friendly numbers and aiding in the splitting process. 

This method aims to help students more effectively reach friendly numbers and apply splitting strategies. 

Additionally, the new activities incorporate a more complex and concrete context of almsgiving 

(infaq), which was absent in HLT 1. While HLT 1 allowed students to understand the basic context of 

alms, the new activities with varied and intricate contexts are designed to deepen students' awareness 

and comprehension of the almsgiving context. 

In summary, the researcher concludes that students are able to effectively learn addition and 

subtraction operations involving both monetary values and regular numbers through the use of these 

HLTs. The current HLT framework could be further enhanced by introducing additional strategies that 

students can master in arithmetic and by extending the duration of learning activities. A supportive 

classroom environment, characterized by direct discussions and the use of concrete materials, is crucial 

for optimizing the outcomes of the HLT. Moreover, the contexts and values incorporated into the activities 

do not necessarily need to focus on almsgiving but can be tailored to reflect other relevant aspects of the 

students' everyday lives (Beentjes & Jonker, 1987). 

An overview of the HLT for teaching addition and subtraction involving money for second-grade 

elementary students is presented in Figure 2. This figure illustrates the sequential order of each strategy 

implemented in the activities. The strategies are categorized from basic skip counting and jumping 

strategies to more advanced techniques such as friendly numbers, splitting, and borrowing. Each strategy 

description in the left-hand box is accompanied by corresponding student work examples in the right-

hand box, as detailed in Table 3. 
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Figure 2. Schematic Overview of the Reconstructed HLT in Grade 2 

Based on the retrospective analysis of HLT 1 and HLT 2, several strategies emerged from students 

during each activity, as illustrated in Figure 2. These strategies are described in more detail in Table 3. 

 

 

Counting the number of Pak 

Samad’s necessary to break the 

fast with a carrying strategy and 

counting the remaining alms 

after it is given to Pak Samad 

with a borrowing strategy. 
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Table 3. Emerging Mental Strategies in Each Designed Activity 

Activity Name Mathematical Activities 
Emerging Mental 

Strategies 

“Let’s get used to alms 

everyday” 

Calculate the nominal amount of 

allowance that all members have for a day 

Counting on 

Counting on from larger 

Skip counting on 

“Let’s get used to alms 

everyday” 

Calculate the remaining nominal 

allowance of all group members after the 

allowance is issued for alms 

Counting back from 

larger 

Skip counting back 

"Don't forget alms this week" Calculate the nominal amount of each 

group member's allowance for a week 

Skip counting on 

Friendly number  

Splitting strategy  

Jumping strategy 

"Don't forget alms this week" Calculate the remaining nominal money of 

each group member after being used for 

alms 

Friendly number 

 Splitting strategy  

Jumping strategy 

"Set your own pocket money" Calculates the nominal amount of each 

member's self-determined group 

allowance for a week 

Friendly number 

strategy 

Splitting strategy 

Jumping strategy 

saving strategy 

"Set your own pocket money" Calculate the remaining nominal 

allowance of each member of the self-

determined group for a week after it is 

used for alms 

Friendly number 

strategy  

Splitting strategy 

 Jumping strategy 

Borrowing strategy 

"Let' s give away the proceeds 

of your money to break the fast 

Mr. Samad" 

Calculate the nominal number of alms 

collected by one class 

Friendly number 

strategy 

 Splitting strategy 

Saving strategy 

"Let' s give away the proceeds 

of your money to break the fast 

Mr. Samad" 

Calculate the nominal amount needed to 

meet the needs of Mr. Samad 

Saving strategy 

"Let' s give away the proceeds 

of your money to break the fast 

Mr. Samad" 

Calculating the remaining nominal alms 

class money after being used to spend 

Mr. Samad's needs for breaking fast 

Friendly number 

strategy 

Splitting strategy 

Borrowing strategy 

 

At the conclusion of the study involving almsgiving contexts, students demonstrated increased 

awareness and responsibility regarding their money management. Although the design could potentially 

be adapted to general monetary contexts, such as buying and selling, the specific focus on almsgiving 

appeared to enhance students' consciousness about their spending habits. On the final day of the study, 

one student remarked that it was feasible to perform acts of charity daily, given their regular pocket 



Designed activities on developing mental strategies using alms value-based learning trajectory in elementary school       877 
 

 

money. Instead of using their money for snacks or drinks provided by the school, the student chose to 

allocate their funds towards charitable activities. This shift in perspective reflects a growing sense of 

responsibility among the students, aligning with the school’s Islamic values aimed at fostering piety, social 

awareness, and responsible behavior in students. 

CONCLUSION 

The designed activities for enhancing mathematical skills through the context of almsgiving values involve 

a series of four sequential tasks. The first activity, "Let's Get Used to Almsgiving Every Day," requires 

students to calculate the total allowance for a group using the skip counting strategy and then determine 

the remaining pocket money after performing almsgiving, employing the skip counting back strategy. The 

second activity, "Don't Forget to Give Charity Regularly This Week," involves students discussing and 

calculating their weekly allowance and the remainder after allocating funds for almsgiving throughout the 

week. In the third activity, "Determine Your Allowance," each group builds on the previous calculations 

by establishing their desired weekly allowance and the remaining amount after partially donating it. 

Finally, the fourth activity, "Let's Help Pak Samad to Break the Fast," involves students calculating the 

total alms collected to assist Mr. Samad with his fasting needs. Students read a story about Mr. Samad, 

calculate the funds required for his needs based on a provided list, and determine if the collected amount 

is sufficient. They are also tasked with deciding how to utilize any remaining funds. These activities 

collectively aim to integrate mathematical learning with practical applications of almsgiving values. 

During the implementation of this almsgiving value-based learning trajectory, six calculation 

strategies emerged from the students: counting on, counting back, skip counting on, skip counting back, 

jumping counting, friendly numbers, splitting, and saving and borrowing strategies. The primary 

mathematical objectives of the four activities were to enable students to accurately determine the amount 

of money using carrying and borrowing strategies and to calculate remaining amounts using these 

strategies. Each activity was designed with distinct goals to help students develop various arithmetic 

strategies and achieve the overarching mathematical objectives. 

However, the study has limitations, particularly in its focus on addition and subtraction. The scope 

was intentionally narrowed to align with the capabilities of second-grade students in elementary school, 

leaving out other operations such as multiplication and division. Future research could extend this context 

to include different mathematical topics and grade levels, thereby broadening the application and impact 

of the almsgiving value-based approach in mathematical education. 
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