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Abstract

This article details the design and implementation of a didactic intervention strategy aimed at enhancing the
pedagogical skills of mathematics education students in the teaching of linear algebra. Given the challenges
students often face in grasping abstract mathematical concepts, the intervention leverages the Anthropological
Theory of Didactics and Collaborative Learning as its theoretical framework. The phases of the intervention's
execution in the classroom, along with the key elements for successful implementation, are thoroughly outlined.
The results indicate significant improvements in academic performance in the units’ covering determinants,
matrices, and systems of linear equations, while challenges persist in the unit on vector spaces. In terms of task
genres, students showed proficiency in defining and calculating, although there was a lower level of mastery in
demonstrating. The study concludes that, despite a general unfamiliarity with autonomous learning, the future
educators were able to become active and effective contributors to their own mathematical knowledge
construction through collaborative group work.
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The challenges associated with teaching and learning Linear Algebra have been a subject of research
for several decades. Notably, in the 1990s, the Linear Algebra Curriculum Study Group (LACSG) in the
United States served as a significant benchmark in this area. Concurrently, in Canada and Europe,
researchers such as Dorier and Sierpinska led efforts to emphasize the universal recognition of the
difficulties inherent in teaching Linear Algebra (Dorier, 2002; 2016; Dorier & Sierpinska, 2001). Both
groups concur that one of the primary challenges in teaching and learning Linear Algebra is the formal,
traditional approach typically used in classrooms (Garcia et al., 2019).

Linear Algebra is a foundational course in many academic disciplines, including science,
technology, and economics, due to its extensive applications (Strang, 2016; Abdurrahman et al., 2020).
However, itis also perceived as one of the most difficult subjects at the college level (Rensaa et al., 2020;
Dogan, 2018). According to Stuhlmann (2019), students often struggle with the abstract nature of
algebraic structures and axiomatic methods, which are central to Linear Algebra. Therefore, Linear
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Algebra, a fundamental course across various disciplines, is widely regarded as challenging for college
students due to its abstract concepts and axiomatic methods.

Several researchers have highlighted significant challenges in learning Linear Algebra, particularly
in students' struggles with verifying the correct application of symbols, selecting appropriate solution
methods, and understanding core concepts, all exacerbated by the symbolic and algebraic language,
with instructors facing the challenge of unifying these concepts across different contexts. Ferryansyah et
al. (2018) analyzed the difficulties students face in learning Linear Algebra within a Mathematics
Education program. They found that 91% of the students struggle with verifying whether the symbols,
notations, or mathematical ideas they use are applied correctly. Similarly, Arnawa et al. (2019) report that
students often encounter difficulties in selecting appropriate methods for solving systems of linear
equations. Additionally, Berman and Shvartsman (2016), as well as Bagley and Rabin (2016), have
identified a general weakness in students' understanding of core concepts in Linear Algebra and their
related characteristics. These difficulties extend to interpreting problem statements and exercises, which
are compounded by the symbolic and algebraic language (Osorio et al., 2023; Ledn et al., 2019). The
challenge for instructors is to unify concepts that students often perceive differently depending on the
context—whether physical, geometric, numerical, graphical, or analytical (Pascual, 2020).

In Chile, Linear Algebra is a fundamental component of the national higher education curriculum,
particularly within competency-based learning frameworks. Despite the assumed benefits of this
curriculum, modeled after systems in more developed countries, student performance in Linear Algebra
courses continues to reflect both cognitive and conceptual challenges (Carcamo et al., 2017). These
challenges have led to a search for alternative teaching methods that might better support student
learning in this area.

Gonzalez et al. (2019) underscore the urgent need to move beyond the didactic model that
currently dominates mathematics education, which emphasizes passive learning where students are
mere recipients of knowledge. Instead, there is a call for implementing changes that encourage both
teachers and students to adopt new roles, promoting collaboration and the sharing of knowledge as the
foundation of the educational process. Extensive research within Mathematics Education supports the
use of collaborative approaches for learning various mathematical concepts (Nungu et al., 2023; Angulo-
Vilca et al., 2021; Farfan-Pimentel et al., 2022; Orellana et al., 2020). These studies generally report
some challenges but also very positive outcomes when collaborative work is integrated into teaching.
However, despite the proven benefits of collaborative learning in other areas of mathematics, there is a
notable gap in the literature regarding its application to the teaching of Linear Algebra at the
undergraduate level.

This study aims to address this gap by exploring the teaching of Linear Algebra through a
collaborative approach to foster meaningful learning and effective didactic transposition of knowledge. It
focuses on the experiences of mathematics education students at a university in Chile. The research is
guided by the following questions: What types of student tasks and outcomes are consolidated in the
learning of Linear Algebra through a collaborative approach? and What transversal competencies do
mathematics education students demonstrate when implementing a didactic strategy?

To answer these questions, a didactic experience was designed for a Linear Algebra course,
conducted over a school semester from March to August. The primary objective was to design and
implement a didactic intervention strategy for teaching Linear Algebra to mathematics education students.
The specific objectives included describing the didactic strategy incorporating a collaborative
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methodology and analyzing mathematical content through a didactic lens that considers various tasks
and techniques.

The theoretical framework for this research is built on two pillars: Chevallard's Anthropological
Theory of Didactics (ATD) (Chevallard, 1999), which emphasizes the context in which mathematical
activities occur and the institutions, as described by Gascdn and Nicolas (2019), where these activities
take place; and the Collaborative Learning Theory, representing the most prominent expression of
educational socio-constructivism (Dillenbourg et al., 1996; Driscol & Vergara, 1997). These frameworks
provide a robust foundation for understanding and evaluating the collaborative teaching strategies
explored in this study.

Anthropological Theory of Didactics

The fundamental principle of the Anthropological Theory of Didactics (ATD) posits that all routinely
performed human activities can be conceptualized through a unified model known as praxeology
(Chevallard, 1999). Praxeology, also referred to as mathematical organization, serves as the primary
framework for modeling mathematical activities and is comprised of two distinct levels:

1. The level of praxis or know-how, which encompasses a certain type of tasks and questions that
are studied, as well as the techniques to solve them.

2. The level of logos or knowledge, in which the discourses that describe, explain and justify the
techniques used are located, which are called technology. Within this domain of knowledge, a
further level of description, explanation, and justification—referred to as the technology of
technology—is recognized as theory.

As a methodological requirement, it is essential that the didactic experience addresses all stages
of didactic transposition (Chevallard, 1985). This necessitates the incorporation of empirical data derived
from each institution, which are composed of fundamental units of didactic analysis known as
Mathematical Organization (MO). MO revolves around one or more types of mathematical tasks that lead
to the development of mathematical techniques, which are then justified by mathematical technologies
formulated within the framework of a mathematical theory. For further clarification, the didactic
transposition framework (Chevallard, 1985) is illustrated in Figure 1.

Figure 1. Scheme of Didactic Transposition

In Figure 1, |1 represents the institution responsible for producing mathematical knowledge, I2
denotes the noosphere, I3 refers to the school institution, and I+ signifies the study community, which is
central to the didactic process. The acquired knowledge comprises praxeological elements that, by the
end of the didactic process, will be integrated into the mathematical environment of the group. This
knowledge can then be utilized by the study community to undertake new types of tasks and address
emerging issues with relative ease. According to the methodology derived from the theoretical framework,
our research involved reconstructing the Mathematical Organization to be taught and effectively imparted.
The concepts of task type, technique, technology, and theory are fundamental for constructing any
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praxeology. Additionally, Chevallard (1999) introduces the notion of task genre, which refers to specific
content characterized by different types of tasks. Task genres include categories such as defining,
calculating, demonstrating, graphing, constructing, and others.

Collaborative Learning

In both academic and professional contexts, individuals are increasingly required to address problems
not only independently but also collaboratively. According to the OECD (2017), collaborative problem
solving offers several advantages, including the division of labor, diverse knowledge, varied perspectives
and experiences, and mutual motivation, all contributing to more effective problem resolution and
academic performance. Despite these benefits, only 8% of students from the countries evaluated by the
OECD demonstrate high proficiency in this skill. These students are adept at managing group dynamics,
ensuring team members adhere to their roles, resolving conflicts, identifying effective strategies, and
monitoring progress towards solutions (OECD, 2017). Collaborative learning is recognized as a highly
relevant and expanding field (Avci, 2022; Morge et al., 2020; Calder et al., 2021) and is integral to the
competency-based approach. According to Asterhan and Schwarz (2016) and Gillies and Khan (2008),
collaborative learning involves instructional arrangements where two or more students work together
towards a common learning goal.

Numerous studies highlight the positive impact of collaborative learning on various aspects of
education, including cognitive, metacognitive, affective-motivational, and social domains (Ahmad &
Dogar, 2023; Er et al., 2020; Meijer et al., 2020; Sutama et al., 2021; Flores et al., 2015; Johnson &
Johnson, 2009). Research by Chen and Preston (2022), Kyndt et al. (2014), Rohrbeck et al. (2003), and
Roseth et al. (2008) indicates that students working in small groups tend to achieve better learning
outcomes compared to those working individually. However, these benefits are contingent upon teachers
making informed educational decisions (Kaendler et al., 2014; Van de Pol et al., 2010). Specifically, as
students engage in collaborative work; it is essential for teachers to monitor the challenges students face
and provide interventions when necessary (Van de Pol et al., 2015). Consequently, the teacher's role is
pivotal in promoting effective student interaction (Abd, 2021; Klang et al., 2021).

For the purposes of this research, the five elements that characterize collaborative learning, as
outlined by Driscoll and Vergara (1997), are considered. These elements are defined as follows:

1. Individual responsibility: all members are responsible for their individual performance within the
group.

2. Positive interdependence: group members must depend on each other to achieve the common
goal.

3. Collaboration skills: The skills necessary for the group to function effectively, such as teamwork,
leadership, and conflict resolution.

4. Promoter interaction: group members interact to develop interpersonal relationships and establish
effective learning strategies.

5. Group process: the group periodically reflects and evaluates its operation, making the necessary
changes to increase its effectiveness.

METHODS

Study Type and Design
An exploratory-descriptive study was conducted (Herandez et al., 2014). The unit of analysis comprised
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25 students, aged 18 to 20 years, who were enrolled in the compulsory Linear Algebra course during
their second year in the Mathematics Pedagogy program at a Chilean university.

The Linear Algebra course spanned five months and included theoretical and practical classes
held three times a week, with each session lasting 90 minutes. The course was led by a professor-
researcher, who was responsible for directing the sessions, selecting the techniques to be employed,
and addressing the various class activities. Both the professor and a teaching assistant were available to
assist with student inquiries, both individually and in groups. The course covered five thematic units, each
incorporating both theoretical and practical materials: Unit 1: Matrices and Systems of Linear Equations;
Unit 2: Determinants; Unit 3: Vectors in the Plane and in Space; Unit4: Vector Spaces; and Unit 5: Linear
Transformations.

Development of the Didactic Strategy

Firstly, the theoretical material was designed by the teacher-researcher and included theorems,
definitions, and fundamental propositions necessary for the study of Mathematical Organization. The
class materials were structured with an introduction outlining the key theorems, definitions, and
propositions required for the various types of tasks, accompanied by exercises and solved problems.
Additionally, the material was developed alongside the planned activities and assessment methods,
which were communicated to the students to clarify the purpose and procedures of the methodology.
Consequently, what was traditionally a lecture-based class evolved into an open forum for dialogue,
fostering interactions both among students and between students and the teacher.

In the classroom, activities were designed to encourage students to explain their learning to one
another. Each student was assigned a specific role within the group, which facilitated learning from
diverse perspectives, providing and receiving peer support, and collaboratively deepening their
understanding of the concepts in each unit. A collaborative work mode was implemented to enhance
mathematical learning and foster a culture of collaborative learning. This approach aimed to actively
involve students in the construction and development of their mathematical knowledge through three
phases, which were carried out throughout the semester.

Phase 1

The first unit was delivered entirely by the teacher-researcher, marking the initial exposure to a specific
type of task. During this phase, the classes focused on tasks encompassing the genres of defining,
calculating, demonstrating, and graphically representing. The explicit mathematical competencies
outlined in the syllabus and included in the student assessments involved developing task genres and
integrating matrix algebra. Students were expected to identify various types of matrices and their
properties, perform matrix operations, relate systems of linear equations to matrices, and classify and
solve systems of linear equations using matrix techniques.

In teaching this unit and emphasizing the importance of individual responsibility (Driscoll &
Vergara, 1997), each student received a Linear Algebra manual prepared by the teacher-researcher.
This manual included the unit's content, beginning with an introduction to the subject, examples of
exercises and real-life problems, and work guides. All of this material was included in the students'
portfolios of evidence. At the end of the unit, students were encouraged to further their individual
knowledge and foster their autonomy by accessing educational tutorial channels on YouTube, focused
on mathematics and, specifically, Linear Algebra. Additionally, activities were designed to address certain
tasks and techniques collaboratively, incorporating the technological elements discussed in class
(technological block).
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Phase 2

This phase encompasses several key elements: the exploration of different types of tasks, the
development of a technological-theoretical environment that explains and justifies the techniques used,
the application of these techniques which leads to the evolution of existing methods and the creation of
new ones, and the institutionalization phase, which delineates and specifies the components of the
constructed Mathematical Organization. According to the curriculum, the transversal competencies to be
achieved by students include ethics, teamwork/communication, and interest/vocation, in alignment with
the guiding norms for the Pedagogy in Secondary Education program in Chile: Pedagogical and
Disciplinary Norms (MINEDUC, 2012).

These norms underscore the necessity for students to assume responsibility for their learning
through both individual and collaborative efforts, utilizing cognitive, metacognitive, and socio-affective
strategies to advance their academic and professional growth. To align with the goal of preparing future
secondary school mathematics teachers, students were grouped to undertake mathematical tasks aimed
at providing practical experience with mathematical processes. The instructor designated four units—
namely, determinants, vectors in the plane and space, vector spaces, and linear transformations—across
four formally organized groups, which were voluntarily assembled by the students. This strategy was
designed to enhance the group process dimension (Driscoll & Vergara, 1997) and to foster both oral and
written mathematical communication through active discussion and idea exchange among students. This
preparatory stage was essential before each group presented their findings on the mathematical subunits,
which in turn impacted the group evaluation.

Each group member was expected to contribute to the collective objective, thereby reinforcing the
dimension of positive interdependence (Driscoll & Vergara, 1997). This collaborative effort ensured that
each participant played a role in achieving the group’s common goal, which was crucial for effective group
performance and evaluation.

The study program explicitly outlined and assessed mathematical competencies including the
definition and properties of determinants, as well as their application in calculating inverse matrices and
solving systems of linear equations with a matching number of unknowns and equations. Students were
also required to identify and understand vectors in both planar and spatial contexts, encompassing their
algebraic structure, properties, and representations. Furthermore, they needed to recognize vector
spaces, including their properties and components, identify linear transformations between vector spaces
along with their attributes, and compute eigenvectors and eigenvalues associated with these
transformations. This comprehensive approach was designed to promote both individual and collective
responsibility for assigned tasks, enhance mathematical communication through both oral and written
means, and support the delivery of individual presentations on each mathematical subunit.

Additionally, students were encouraged to incorporate technological resources into their
presentations to augment their effectiveness. An example of this is depicted in Figure 2, which
demonstrates a technologically supported presentation on vector spaces. This emphasis on technology
aimed to facilitate a deeper understanding of the material and improve overall presentation quality.
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Figure 2. Oral Exhibition with Technological Support

In addition to delivering oral presentations, each group was tasked with conducting workshops to
further explore the study unit for which they were assigned. These workshops were selected freely and
by consensus within each group, with the aim of reinforcing the knowledge presented by the other groups,
as illustrated in Figure 3. Based on the evaluation of each group's performance and the effectiveness of
the resources utilized—within the framework of the promoter interaction dimension (Driscoll & Vergara,
1997)—groups had the option to revise their technological aids for subsequent oral presentations.

Figure 3. Workshops Elaborated by Group

At the end of the learning unit, each group was required to develop a summative assessment on
the material they had taught. This assessment was administered during a 90-minute class session and




932 Diaz, Hernandez-Diaz, & Oval

had been reviewed and approved by the teacher-researcher in advance. The knowledge that their peers
would be evaluating their work significantly heightened the students' engagement during the
presentations of the content and increased the frequency of consultations with the presenting groups.
The rigor of these assessments was high, which necessitated a more consistent study effort from the rest
of the students.

Throughout this process, students received continuous, active support to discuss, articulate, and
document their understanding of mathematical concepts. The various activities were designed to motivate
students and empower them to take ownership of their learning. This approach facilitated interpersonal
interactions and led to the development of effective learning strategies for Linear Algebra.

Initially, students exhibited discomfort with the activities due to their departure from conventional
learning experiences, despite the curriculum being designed to be competency-based. However,
following several individual presentations as part of their group assignments, students gradually
acclimated to the new format. They began to exhibit enthusiasm for collaborative work, actively sharing
ideas and engaging with their peers. The newly established environment thus fostered enhanced
collaboration, critical thinking, and communication skills, contributing to a more dynamic classroom
atmosphere.

During the presentations, it became common for students to seek further clarification on concepts
from their peers, with responses varying in clarity. In such instances, both the teacher-researcher and
the teaching assistant played active roles in supporting and guiding the discussion.

Phase 3

This phase pertains to the assessment of the developed praxeology. At the conclusion of each of the five
instructional units, the students were evaluated by the teacher-researcher. The units covered were Unit
1: Matrices and Systems of Linear Equations; Unit 2: Determinants; Unit 3: Vectors in the Plane and in
Space; Unit 4: Vector Spaces; and Unit 5: Linear Transformations. Each test was thoroughly reviewed
and graded, with the teaching assistant's involvement, to provide comprehensive feedback.

In addition to these summative written tests, the evaluation of student performance by the teacher-
researcher encompassed a portfolio of evidence for each student, oral presentations, and peer
evaluations of the four groups. This multi-faceted approach ensured a holistic assessment of the students'
understanding and application of the material.

RESULTS AND DISCUSSION

The Mathematical Organization that was effectively taught emerged as a direct outcome of the study
process and was the result of the instructional practices implemented by the teacher-researcher in the
classroom. This organizational framework reflects the pedagogical strategies and methodologies
employed throughout the study. Subsequently, the various types of tasks (T) and subtasks (t) associated
with the four genres (G) integrated into the classes are defined and exemplified. These classifications
illustrate the diverse forms of tasks and their respective roles within the instructional framework.

e G1 Define: It encompasses those types of tasks that aim to reconstruct certain mathematical
definitions; the teaching activity focuses on such a reconstruction, and not only on reproducing the
definitions. Example:

T1 Define a matrix of order (or size) mxn over IR
t1,1 Define a diagonal matrix
t1,2 Define a symmetric matrix
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e G2 Demonstrate: Includes those types of tasks that require the formulation of a sequence of
organized statements, according to certain rules. Example:
T2 Demonstrate properties that relate subsets of IR" formed by linearly independent (l.i.) and
linearly dependent (1.d.) vectors.
to,1 Let be the set {x,y} Li, with x, y € IR". Demonstrate that the sets: {x, ax + y},
{x — y, x + y}, are linearly independent.
t,2 Let be the set {x, y} Li., with x, y € IR". Demonstrate that the set {x — vy, y — x} is linearly
dependent.
t2,3 Demonstrate if the following setis .i. {(1,2,1), (2,1,—-1),(—1,1,1)}

e (3 Calculate: It refers to tasks that imply carrying out certain procedures based on rules that are
taken as true to obtain a result and predict some events within mathematics or other disciplines.

Example:

Ts Calculate a vector equation for parallel and perpendicular lines.

t3,1 Calculate the vector equation of the line parallel to 2 = % y = % and containing the point
(2,3,-5).

t3,2 Calculate the vector equation of the line that passes through the origin and is perpendicular to
thelines (x,y,z) = (2 —-3t,-3,4+t)y (x,y,2) = (t,0,3t)

t3,3 Calculate the vector equation of the line that cuts perpendicularly to the line recta xTH = 3% :
z=1at(-1,3,1).

e G4 Representing graphically: Includes tasks that involve drawing diagrams and graphic
representations. Example:
T4 Draw the graph and mark the region that corresponds to the vectors that satisfy the given
condition.
t4,1 To graph the points (a, b)such that (a, b) = t(—2,3) where 1<t<3,t€IR
t4,2 To graph the points (x, y) such that (x,y) = t(—2,3) + s(1,4) where0<t<1and0<s
<1.

The following section provides a detailed account of the primary results obtained from the final
assessments across the five Linear Algebra units. These results include the types of tasks (T) and
subtasks (1) related to the four genres (G)—define, demonstrate, calculate, and graph—that were integral
to the lessons, as illustrated in Figure 4.

In the unit on determinants, a high percentage of students demonstrated proficiency in solving the
tasks, resulting in the highest performance rate of 83.8% among the five units studied. This was followed
by the unit on matrices and systems of linear equations, with a performance rate of 76.4%. In the latter
unit, students encountered challenges such as the application of invalid properties, which appeared to
be adaptations of valid properties from other contexts, and the use of valid but irrelevant arguments.
Some students also faced minor difficulties with matrix operations.

In the unit on vectors in the plane and in space, which achieved a performance rate of 74%,
students encountered fewer difficulties in understanding certain concepts due to their prior knowledge of
analytical geometry. Conversely, the unit on vector spaces recorded the lowest performance rate of
50.1%. This lower performance was attributed to some students' inability to effectively solve tasks or their
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use of inappropriate techniques. Despite engaging with the concept of linear combinations and building
upon their understanding of vectors as geometric entities to develop the formal definition of linear
independence, students struggled with various aspects of the unit.

Tasks related to the concept of linear independence involved subsets of finite-dimensional vector
spaces, such as n-tuples of real numbers, polynomials with real coefficients of degree less than or equal
to n, and real matrices of order mxn, along with their standard operations. Students generally succeeded
in determining whether a subset was linearly dependent or independent. However, many failed to
recognize that the zero vector in the homogeneous equation used to analyze linear independence is the
null vector of an abstract vector space. This challenge became apparent when students either confused
the zero vector with the zero scalar or misinterpreted it as the null vector of n components. Additionally,
students struggled with appropriately formalizing and justifying their answers, despite having a grasp of
the concept of linear independence.

0,
100.0% 76.4% 83.8%
74.0%
80.0% 67.9%
/
60.0% 50.1%
. 0
40.0%
20.0%
0.0%
Matricesand  Determinants Vectorsinthe Vector spaces Linear
systems of plane and in transformations
linear equations space

Figure 4. Student Performance in Study Units

The misrepresentation errors related to the elements of a vector subspace suggest that students
may struggle with the abstraction required to understand that a vector is not limited to being an element
of R" but can also represent a polynomial, a matrix, or other elements within a given vector space. This
difficulty in grasping the broader concept of vectors likely led students to simplify the abstraction during
the evaluation, defaulting to familiar elements of R" and, consequently, making incorrect representations.

The unit on linear transformations recorded the second lowest performance rate, with 67.9% of
students achieving success. A common error observed was the students' tendency to place values in a
proportional relationship using linear combinations, indicating a preference for procedural approaches
over structural considerations of the model's properties. This pragmatic thinking led them to assume a
proportional model without adequately establishing the conditions for its application within the real model.
Additionally, difficulties were noted concerning the linear properties inherent to the rotation of a plane,
where students often relied on a flawed, physically-based representation of "rotation." They tended to
conceptualize plane rotation within the context of Cartesian coordinates, utilizing systems of linear
equations. Because expressing rotation through linear combinations more effectively captures its linear
nature, which remains invariant under a change of basis, students likely associated this concept with a
change in linear coordinates within the affine plane.

© =
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In the tasks related to coordinate changes in the affine plane R? students found it relatively
straightforward to apply trigonometric identities to derive the algebraic expression for the coordinates of
the point Q = Ry (P). This ease is largely due to their familiarity with the foundational concepts of
analytical geometry and trigonometry, which were part of their prior learning.

The average results for these tasks, categorized according to the four genres, are presented
below. These genres group the types of tasks and subtasks addressed throughout the instructional
experience and were incorporated into the evaluations of the five units, as illustrated in Figure 5.

87%
100% i

80%

60%

40%

20%

0%

Define Demonstrate Calculate Representing
graphically

Figure 5. Results of the Genres that Group Types of Tasks

In general, high average scores were observed in the "define," "calculate," and "represent
graphically" genres, while significant challenges were noted in the "demonstrate" genre. Specifically, in
the final test for the vector spaces unit, the analysis of tasks within the "calculate" genre revealed that a
large percentage of students (89%) either did not attempt the task or employed inappropriate techniques,
with only 6% solving the task correctly. This outcome contrasts sharply with the results from the unit on
determinants, where 90% of students successfully solved the tasks. The disparity can be attributed to
difficulties in both the algebraic manipulation of expressions and the conceptual understanding required
in the vector spaces unit.

In the "demonstrate" genre, as depicted in Figure 5, students' performance averaged 42% for
correctly completed tasks. In the vector spaces unit's final test, a substantial 72% of students either failed
to attempt the proof or completed it incorrectly. Only 8% successfully carried out the proof, while 10%
managed to prove the proposition correctly in one direction, indicating some level of understanding. This
challenge may stem from the fact that demonstration is a procedural aspect of mathematics that is
gradually developed over time throughout various stages of schooling.

Discussion

The challenges associated with learning Linear Algebra compel educators to reconsider the ineffective
approaches often employed in mathematics classrooms, which have historically yielded disappointing
outcomes (Osorio etal., 2023; Arnawa et al., 2019; Rensaa et al., 2020; Abdurrahman et al., 2020; Garcia
et al., 2019). To address these issues, it is essential to develop and refine didactic strategies that can
enhance teaching effectiveness. One promising approach is the incorporation of collaborative learning
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as a methodological strategy.

This collaborative approach is particularly relevant within mathematics courses, where the
necessary solutions and techniques for defining Mathematical Organizations can be found. The
collaborative didactic experience conducted with future mathematics teachers at a Chilean university
serves as a strong example of this strategy in action, demonstrating its potential to improve the teaching
and learning of Linear Algebra.

The results showed that the performance percentages across the five units of Linear Algebra
ranged from 50.1% to 83.8%, with the lowest performance observed in the vector spaces unit and the
highest in the determinants unit. When examining the average results based on the four genres, which
categorize the types of tasks present in the classes, high average scores were achieved in the "define,"
"calculate," and "represent graphically" genres, while the "demonstrate” genre saw lower average
achievement. Overall, the majority of students were empowered both individually and as a group, gaining
substantial knowledge of linear algebra through the incorporation of didactic transposition stages and an
effective collaborative work methodology.

These findings align with research from various regions that highlight the benefits of collaborative
learning. For instance, Chen and Preston (2022) found that collaborative learning enhanced the critical
thinking skills of second-year students at a Chinese university, although they suggested that instructors
should employ specific techniques to further develop team members' collaborative skills. Similarly, Fauzi
et al. (2021) in Indonesia determined that collaborative learning techniques were effective in improving
critical thinking skills among high school students engaged in group research.

Pozzi et al. (2023) conducted a study in Italy aimed at identifying areas where current collaborative
teaching strategies could be enhanced to increase their effectiveness and broader adoption in schools.
The study revealed that Italian teachers do incorporate collaborative learning activities in various
formats—face-to-face, blended, and fully online—with statistically significant differences in the
approaches and technological tools utilized. However, the findings also highlighted that teachers' design
decisions often diverge from the best practices recommended by the collaborative learning research
community, indicating a need for better alignment between theory and practice.

In relation to the challenges encountered in the vector spaces unit, it is important to acknowledge
that the concept of a vector space represents an abstraction of already abstract mathematical objects,
characterized by shared properties such as vectors, n-tuples, polynomials, series, or functions. The
literature consistently identifies obstacles to understanding this concept. Dorier and Sierpinska (2001)
note that the abstract nature of vector spaces makes them a central yet challenging concept in Linear
Algebra. Mutambara and Bansilal (2018) describe this difficulty as a formalism obstacle, while Martin et
al. (2014) and Okta¢ and Gaisman (2010) attribute students' struggles to the abstract nature of the
concept. Parraguez and Oktag (2010) further emphasize the need to formalize prior concepts—such as
sets, functions, and binary operations—as a prerequisite for successfully learning about vector spaces.

In analyzing the theoretical constructs essential for collaborative work, as outlined by Driscoll and
Vergara (1997), these constructs were closely integrated with the tasks performed by students in the
Linear Algebra units. Regarding positive interdependence, the key insight was that the presence of a
single indicator was insufficient for establishing genuine collaboration. Instead, multiple indicators of
positive interdependence needed to be expressed. For instance, effective collaboration was evidenced
not just by sharing resources but also by assuming complementary roles. Merely sharing resources did
not suffice to create truly collaborative work. The success of all students depended on the collective effort,
aligning with Zariquiey's (2019) assertion that positive interdependence leaves no room for individualism.
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In this context, the study by Aristizabal-Aimanza et al. (2018) further supports the importance of
positive interdependence in collaborative learning. Their findings indicate that team members respect
and value each other's individual contributions, which in turn enhances their communication and listening
skills. This suggests that fostering positive interdependence within groups is crucial for improving the
overall effectiveness of collaborative learning in mathematics.

Detecting individual responsibility within group discussions and presentations was somewhat
challenging, although all members responded to their assigned tasks to some extent. Basantes and
Santisteban (2019) similarly argue that evaluations should not only assess the group as a whole but also
consider the actions of each member based on their responsibilities and duties. Additional insights were
gained from student portfolios and oral presentations from the four groups, which highlighted the role of
individual responsibility in the overall work. These sources also underscored the importance of feedback
mechanisms, such as peer evaluations and the construction of peer assessments, in raising awareness
of individual responsibility.

In terms of promotive interaction, the most prominent indicator was the contribution to problem-
solving and the interpretation of tasks. This finding aligns with Lazareva's (2015) study, which identified
other factors that enhance student engagement in collaborative work, including the significance of the
task and its impact on course grades. When a group member contributed meaningfully to problem
resolution, other members typically responded with evaluations, opinions, or corrections, fostering a
collaborative environment where ideas were actively exchanged and refined.

Another element observed in the messages exchanged during instances of promotive interaction
was the presence of affective components. Students expressed a sense of confidence in delivering their
contributions, knowing they had a reliable group to depend on and recognizing that their performance
impacted their peers. This support system allowed students to voice their doubts and concerns and
provided them with the necessary encouragement to collaborate towards a shared goal. Jarvenoja et al.
(2020) highlight that while collaborative learning approaches are generally beneficial, they can also be
motivationally and emotionally demanding. Students are required to engage in higher-level thinking and
interaction while managing increased responsibility for both individual and group learning processes
(Mé&kitalo-Siegl & Fisher, 2013).

Consequently, many of the challenges students face stem from cognitive obstacles with socio-
emotional and motivational roots (Jarvenoja et al., 2018). There is a recognized need to focus on
supporting motivation and emotional well-being within groups while establishing a common ground for
effective collaboration (Ludvigsen, 2016). This emphasis on socio-emotional support is crucial for
fostering a productive and collaborative learning environment.

One frequently observed indicator of promotive interaction was the appreciation of another group's
effort, which was commonly seen during both the initiation and ongoing stages of group interventions.
This indicator was notably influenced by the performance of group leaders, who were responsible for
ensuring active participation from all members. Effective collaboration skills were integral throughout the
development of the activities related to the subject. Catalan et al. (2023) emphasize that collaboration
skills are crucial and are acquired progressively through practice. Skills, such as raising one's hand,
requesting the floor, respecting others' opinions, and encouraging the group are rooted in broader
transversal competencies including empathy, trust, respect, self-awareness, and emotional regulation.

Finally, in evaluating the group’s performance, students had the opportunity to review and reflect
on their work through feedback from other groups, which facilitated necessary adjustments to enhance
effectiveness. This aligns with Espinal et al. (2022), who suggest that such reflective practices contribute
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to interactions at various cognitive levels and stimulate the development of learning capacities. Stahl et
al. (2014) and Pozzi et al. (2023) also emphasize that groups must work towards a common task during
educational activities. A shared and concrete goal fosters group discussions, and the need to achieve
consensus promotes the exchange of ideas and the construction of new knowledge.

The analysis of research results, prior studies, and the theoretical framework underscores the
importance of addressing the intrinsic difficulty of mathematical subjects, particularly for student teachers.
This approach may facilitate their learning and adaptation to university life through a methodology with
described characteristics, which could be applicable to other areas of mathematics or even different
disciplines. The research offers a detailed examination of various genres, types, and techniques of
assignments, contributing to a deeper understanding of teaching and learning processes. Additionally, it
provides a practical example of implementing a collaborative learning strategy in a real classroom setting.

CONCLUSION

The objective of this study was to design and implement a didactic intervention strategy within the regular
framework of a Linear Algebra course for mathematics pedagogy students, utilizing a collaborative
learning methodology. Employing the Anthropological Theory of Didactics (ATD), which facilitated the
characterization of Mathematical Organizations, we identified and analyzed genres of tasks, types of
tasks, and techniques based on the theoretical constructs and their integration (Chevallard, 1985). Our
research concentrated on tasks evaluated during the study units and the students' responses to these
tasks. This article provides a comprehensive account of the didactic experience, illustrating the
application of collaborative learning in the context of teaching Linear Algebra within a competency-based
curriculum.

The study outlines each phase of implementing the didactic intervention in the classroom,
specifying the essential elements for effective execution. The research findings indicate that the
application of this strategy resulted in enhanced learning outcomes and improved performance in
evaluations throughout the course. The aim is to offer an alternative teaching approach at the higher
education level that contrasts with traditional methods. By integrating the Anthropological Theory of the
Didactic (ATD) and collaborative learning, the approach facilitates a more active role for students, making
subjects like Linear Algebra more accessible and less challenging.
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